JC 2 PRELIMINARY EXAMINATION
in preparation for General Certificate of Education Advanced Level
Higher 2

CANDIDATE
NAME
CIVICS GROUP | INDEX NUMBER
Mathematics 9740/01°
Paper 1 22 August 2016
- 3 hours
- Additional materials: Answer Paper

Cover Page
List of Formulae (MF 15)

READ THESE INSTRUCTIONS FIRST

Do not open this booklet until you are told to do so.

Write your name, class and index number on all the work you hand in.

Write in darkblue or black pen on both sides of the paper. You may use a soft pencil for any
diagrams or graphs. '

Do not use staples, paper clips, highlighters, glue or correction fluid.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.

You are expected to use a graphic calculator.

Unsupported answers from a graphic calculator are allowed unless a question specifically
states otherwise.

-...-Where-unsupported answers from a graphic calculator are not allowed in a questlon you -

“are required to present the mathematlcal steps usmg mathematlcal notatlons and not
* calculator commands. . : ’

“You are remindéd— of the need for clear presentation in your"ansWeré.
At the end of the examination, fasten all your work securely together.

’ The number of marks is given in brackets [ ] at the end of each question or part question.

This document consists of 6 printed pages.

[Turn over



A theme park sells tickets at different prices according to the age of the customer. The
age categories are senior citizen (ages 60 and above), adult (ages 13 to 59) and child (ages
4 to 12). Four tour groups visited the theme park on the same day. The numbers in each

category for three of the groups, together with the total cost of the tickets for each of these

groups, are given in the following table.

Group | Senior Citizen Adult Child Total cost
A 2 19 9 $1982
B 0 10 3 $908
C 1 7 4 $778

Find the total cost of the tickets for Tour Group D, which consists of four senior citizens,

five adults and one child. ) [4]
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N |

C(c,—l)

y

The diagram shows the curve y =f(x). The curve passes through the .pointA(a, O) and
. the point B(b,0), has a turning point at C(c,—1) and asymptotes y—-_—% and x=0.
- Sketch, on separate diagrams, the graphs of - |

@ y=3-ffca), o e

-2
®) e [3]

~Label the graph in each case clearly and indicate the equations of the asymptotes and the

coordinates of the points corresponding to 4, B and C.
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In the triangle ABC, AB = 1, BC = 4 and angle ABC = 0 radians. Given that @ is a
sufficiently small angle, show that
1
ACz(9+492)2 ~a+b6?

for constants a and b to be determined. {5]

{It is given that the volume of a pyramid is %x (base area) x (height) .]

A right pyramid of vertical height 2 m has a square base with side of length 2x m

and volume g m3.

(i) Express A in terms of x. (11

ii) Show that the surface area S m? of the pyramid is given by
p g

S=4x2[1+J(l+%ﬂ. B

(iii) Use differentiation to find the value of x, correct to 2 decimal places, that gives a

stationary value of S. ’ (31

— — -
Referred to the origin O, the points 4 and B are such that O4 =a and OB =b. The point

Con 04 is such OC : 04 =1 : 3. The line [ passes through the points 4 and B. It is given
that angle BOA = 60° and |a|=3|b|.

S By consldenng (b-a)- (b a) or otherwise, express |b- al in the form klb' e

' where k is a constant to be found in exact form. B

(i) F ind, in terms of Ibl , the shortest distance from Cto /. [5]
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A curve has parametric equations
x = cos? 0, y=sin26, for —%«9 S%.

(i) Sketch the curve. 2]

The region enclosed by the curve is denoted by R. The part of R above the x-axis is rotated

through 27 radians about the x-axis.

(i) Show that the volume of the solid formed is given by

b 4
72"’. sin” 26 d6,
a

for limits a and b to be determined. ) 3]

Use the substitution # =cos26 to find this volume, leaving your answer in exact

form. ) [4]

The equation of a curve C is given by

3y’ -8y’ +10y=4-5x.

(1) Find the equation of the tangent at the point where x = % . [5]
(i)  Find the Maclaurin series for y, up to and including the term in x?. [4]
(iii)  State the equation of the tangent to the curve C at the point where x=0. 1]

(a) The complex number w is given by ( v 3) + ki, where £ <0.

- Given that w’ is real, find the possible values of k in the form k = ( v 3) tan(nr),

where # is a constant to be determined. I 41

() (i) If z=cos@+isind, where 0595% , show that
1-z* =2sin@(sin@—icosP). [2]

(i) Hence find il - 22| and arg(l-z*) in terms of 4. [3]
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9  The function fis defined by
1

fixs>—5——+2, xeR, x#-2, x#3.
X" —x-
(i) Explain why the function £~ does not exist. : 2]
(i) Find, algebraically, the set of values of x for which fis decreasing. 31

In the rest of the question, the domain of f is further restricted to x < -;j .

The function g is defined by

g:x>2-—x, xeR.

v('iii) Find an expression for gf (x) and hence, or otherwise, find (gf )—] (%) . [3]

‘ . 1
10 A sequence u,,u,,u,,... is such that u, =§ and

n+n—1
u

et =un—Tn—:2—)!—, forall n>1.

(i) Use the method of mathematical induction to prove that u, = ( _’:1 )' . [5]
n+1)!
N2,
(i) Hencefind 771 [3]
el (n + 2)!

(iii) Explam why
@ Bty St ooy

.inﬁnity._‘ D [21

_1. . .
is a convergent series, and state the value of the sum to
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Ci

0

The diagram above shows the curve C; with equation y = l—n—; , where x>1.
. X

@

(i)

(iii)

12 ()

(b)

. . . 1
Show that the exact coordinates of the turning point on C, are (\/ e ,2—) . 3]
e
The curve C, has equation (x— V e)2 +(2ey)2 =1, where y>0. Sketch C, and C,
on the same diagram, stating the exact coordinates of any points of intersection with
the axes. ) ‘ [3]
Write down an integral that gives the area of the smaller region bounded by the two
curves, C| and C,, and the x-axis. Evaluate this integral numerically. [4]
(i) Solve the equation
2 -2i=0,
giving the roots in the form re'? , where 7 >0 and ~—z <0< 7. [4]
(i) Show the roots on an Argand diagram. 2]

(iii) The points 4, B, C, D, E and F represent the roots z,, z,, z,, z,, z; and z,

respectively in the Argand dlagram Find the penmeter of the. polygon R

ABCDEF, leaving your answer to 3 .decimal places S - [2]-
The complex number w satisﬁes the relations
|w+5-12i|<13 and 0 <arg (w+18-12i) <%.
(® On an Argand diagram, sketch the region in which the points representing w
can lie. (4]
(i) State the maximum and minimum possible values of lw + lOI . [2]
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H2 Mathematics
JC2 Preliminary Examinations Paper 1
Solutions

Solution

Let $x, $y and $z be the cost of a ticket for a senior citizen, adult and child
respectively.

2x+19y +92z=1982
10y +32=908
x+ 7y +4z=778

Using GC,
x=36
y="74
z=56

Thus, the cost of a ticket for a senior citizen is $36, for an adult is $74 and for a child is
$56.

4(36) + 5(74) + 1(56) = 570 -
Therefore, the total cost for Group D = $570




2 Solution

(a) y4x=0
4' (a,3) B' (b,3)
_______________________ VAN W
Py
/ (c,2) =5
0
(b)




Solution

Araes

Using cosine rule,
AC? =17 +4% —2(1)(4)cos 6
=1+16-8cosé
=17~-8cosél

2
zl?—S(I—g—]
2

=9+46”
R 1 .
ACz(9+492)2 (s AC >0)

’ACz(9+492)%

Therefore,a=3 and b = 2

3




Solution

®

A

Volume of the pyramid = -z—

1 2 8
—(2x) h=—
:>3( x) 3

2
:'>h='—2
X

(i)

In triangle ¥BC, height = VN = Vi +x°
Area of the triangle VBC =%(2x)\/h2 +x2

4 B
=x,|—+x> = xz(—4—+1)
x

=x2\1+4x76

Hence total surface area of the pyramid,
S =Dbase area + 4 x area of triangle VBC

= (2x)2 +4(x2\/1+47)

S =4x? [1 v (1 +—4?H (shown)
X

(iii)

s=42{Llar4 )]

ds

9By ( _;_ (? ' 4x%6)"% (—24x"7)]+(8x)[1+ 4(1'+4x-5)] N

gy (1 +4x76 )_% +8x [1 +V(1+ 4x‘6)]
= - 8x[6x’6 (1+4x76 )"% ~1-N {1+ 4x_6):1

At the stationary value of S, %‘z— =0.




1
~8x 6x_6(1+4x_6) 2—1—‘/(1+4x,_6)J=0

By G.C.,
x =0.89090 = 0.89 (to 2dp)




C4=-—a
3

5 Solution
® | b-a)-(b-a)=|pf +af’ —2ab
= lb|2 + 9|b|2 - 2|a“b]cos 60°
2 2 1
[b—a" =10[b["~2(3[b]) b
I=al =7}
Therefore, & =\ﬁ .
U 1 -

Shortest distance of Cto [/ =

2
—ax(b-a
3 (b—a)

=

2

3

—axb—zaxa
3

=

_ 2jaxb|
" 3[b-al

caxa=0

_ 2lal[b|sin60°
~ 3b-a

6lpf >
ENGT
_3p]

7

B
.—\f;lbl




When

=

6 Solution
)] ,
x=oos:249, y=sin26,. for Z o<z,
y
—+ 0 1 :»x .
-1
(i) x =cos’ @
dx=-2cos@sind d@
When y =0, sin280=0
20=0,7x
0= 0=
T
When €= 0, x=1; When = —, x=0
Volume of the solid formed
.1
2
=7 dx
. oy
=7

-0
(sin20)” (~2cos@sinHd6)
i

r 0
_(sin26)* (~sin20d6)

L
ol NI

Soa=0, b

. sin’20d@ (shown)

z
2

Let u =cos26.
S du=-2sin260 d@

6=10, u=1;

When 0= =, u=-1

Volume of the solid formed.

'='7zj' 2532040
0




1

2

1 4)
= ——7 —

2 3

J0

| 7sin” 26(25in26) 6

NYE

(1-cos?26 ) (2sin29dc9)'

..l_'l(l - u2) (—du)




7 Solution

@ 3y —8)7 +10y =4—5x
Differentiate wrt x;

(95 —16y+10)%:_5

Y___ =5
dx 9)’2 —-16y+10

When x=%: 3y3—8y2+10y:0,

. :0 arld DA
Y o >

Eqn of tangent : y—O:-%(x_%),

ie ——lx_{..z
: 4 2 5
(ii) R dy
9y -16y+10})—=—=-5
(05" ~16y+10) =
Differentiate wrt x (9y2 —16J’+10)92—y—+(18y—16)(92)2 -0
’. dx2 dx -
2dy 3d’y 27
Wh =O, =—, ==, =
en x y e e " 10
2 3 27,
y==——"x+—x"+
3 2 20
(iii)




Solution

(@)

arg (ws ) =5arg(w)=0,1t7,427...

arg(w) =0,

Since k£ <0,

arg(w) = ——7—;— or -—gsi.

Frwl-3) o gew(-F)

k:&’tan(—ﬁ) or k= 3tan(—£7—r-)
5 5

(bi)

Method 1

1-2° =1—(cost9+isin49)2
--—1—(cos2 6’+2icos€sin9+(isin6’)2)
=1—(1-sin” 6 +2isinfcos O —sin’ §)
=1-1+2sin* #-2isinHcos
=2sin’ @—2isinfcosb

=2sin@(sinf —icosH)
Method 2

1-2° =1—(cos€+isin¢9)2
=1-(cos20+isin26)
=1-cos20-isin28
=1—(1—25in2 6‘)—2isin¢9c059
=2sin’ @~2isinfcosfd

. =2sin0(sinf~icosh)

(bii) |

Method 1

| - 2*|=[2sin e(sin.é ~icosd)|

= 2sin @+/sin” @ +cos? O

=2sin@

Giventhat 0 <@ < %




arg (1 -z ) = arg[2sin @ (sin@-icos 0)]
=arg(2sinf)+arg(sin@-icosf)

sin@ ;.

= (w(5-0)

Method 2

1-z* =2sin@(sinf—~icosH)
=2sind(~i)(cos @ +isinH)
= (—2i sin 9) e’
l1- 22| =|(-2isin6)e”|
=2sind '
arg (1 - zz) =arg ((—Zi sin H)eia)
=arg(-2isinf)+arg (e"’)
--Z+0
2

Method 3 .
1-z° = 25in9(sin0—icos<9)

=ZSinB(COS(Z—BJ—isin(z—e))
2 2
; =Zsinﬁ(cos(ﬁ.—,z)ﬁ’sin(ﬁ—-?—z—))' Co

|1—zz|='2s'in9

arg(1—22)=9—%




Solution

®

LLLLLL
lllllllllllllllll

| From graph, the horizontal line y =3 cuts the graph at two points. Hence fis not a

one-one function, hence f™ does not exist.

(1)

1
f(X)=m+2

. f'(x)= —(x2 —x—6)-2 (2x-1)

1-2x
(x2 —x—6)2
For the function to be decreasing, f'(X) <0.
1-2x<0
1<2x
x20.5
{xel: x=>0.5, x#3}

(iii)

1
=2-——-2
gf(x) x*—x-6
SR S

P —-x—6 2

(x-2)(x+1)=0
x=2 (rejected) or x=-1
x=-1
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Solution

Let P, be the statement #, =

n -
fornend™.
(n-i—l)!ﬁ :

) . 1 1
B, is true since Y =-2—'=—2-.

Assume that P, is true for some ke[ 7,

. ok
R Y
Consider 7, :
_ k+1
uk+1—m
v o kK +k-1
BT (k1) (k+2)!
k(k+2)-(k +k-1)
- (k+2)!
R 42k-K—k+1
(k+2)!
=_.£:I-__1__.
- (k+2)

1.e.

Thus, P, istrue = B, is true.

Since £, is true, and P is true = P, is true, by mathematical induction, £, is true

forall nel .

(i)

N n2+n—l_ N I
ZW—ZU ni1)

n=1 n=1

+u/
+ug —uny ]

L1 N+l
N (N+2)!




(i)

vASNFéw

0

n=1

] (N+2)!—)

n+n-1
2oy

N+1 0

1

which is a constant, hence it is a convergent series.
2
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Solution

®

yz—h—}zz, x21
X

d xz-l—lnx-Zx
ay x

dx xt
_x—2xlnx

4
X

When g-)i= 0 and since x#0,
X

1-2Inx=0
2Inx=1

Hence the coordinates of 4 is (JE ,-21—)
- e

(ii)

B(1,0), D(Ve ~1,0) and E(e +1,0)

ya A

Ci
&)

[@ | Ama

& 1-(x=e)
=L;-1——‘23——)“dx“f - &
=0.14446942 - 0.09020401

1 =0.05426541

=0.0543 (correct to 3 s.f.)




- [ow

12 Solution
(ai) 28-2i=0
2 =2i
p i(£+2kz]
z°=2e\?  / k=0,%1,42,-3
LAl Logr 1z 1z 1 57 1 32
7= 12 ,2631 2 26g 4 ’266112’266112’266 3
(aii) AIm
I 37 1 i'S%
2e i Tk 2e
II \“ l ,£
i X26e12 Re
iir ) ; !
2%6‘—%— ‘.\ /';
.\.\ R
1 .7;;"“~._,__,~", 20e ¢
2
(aiii) Since ABCDEF is a regular hexagon, the triangles OAB, OBC ... are equilateral
triangles.
Perimeter of the polygon
. 1
=6x26
=6.735 (to3 d.p.)
: p ‘
(bi) 7 Im
A
(-1812) 7/ N
(=5.1 5 12
S ‘13{
: Re
-100~__ -5 0. -
Minimum |W+1q =12
Maximum |W+ lq =26 (diameter of circle)
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Section A: Pure Mathematics [40 marks]

Without using a calculator, solve the inequality

3 . x [5]

4x+3 x+1

Hence, or otherwise, solve the inequality
) X
> . = [2]
4" +3 e +1 '

Analysts estimate that when a viral video is posted online, the video attracts comments
in such a way that at the end of every hour, the number of comments added for the video
is thrice the number of comments at the start of that hour.

In a particular instance, a viral video was posted online and there was one comment
immediately after the video was posted. Using the above model proposed by analysts,
there will be 3 additional comments by the end of the first hour, 12 additional comments
by the end of the second hour, and so on. A

(i) Find the number of complete hours for the total number of comments posted online
to exceed 200 000. [3]

‘When the number of these comments posted online reaches 200 000 exactly, Software X
is immediately activated to remove the comments. Software X works in such a way that
it removes x comments at the start of each day. Once Software X is activated, it is also
known that the number of comments at the end of the day is 2% more than the number of
comments at the start of the day.

(ii) Show that the number of comments at the end of day # is

1.02" (200 000) - 51x(1.02" -1},
where day 1 is the day that the number of comments is exactly '200 000. [3]

' (ul) Hence find the range of values of x such that all comments are removed by the end - '
~ of day 30. Leave your answer to the nearest integer. T 2}

Software Yis able to remove comuments at the following rate.
e Day 1: 15 000 comments removed
e Subsequent Day: 90% of the number of comments removed on the preceding
day
Without using Software X, explain whether Software Y alone is able to remove all
200 000 comments eventually. ‘ 2]



A team of naturalists is studying the change in population of wild boars on an island. It
is suggested that the population of wild boars, x hundred, at time f years, can be modelled
by the differential equation

dx

—= ——x 5—-x

dr 10 ( )-
(i) Find an expression for x in terms of £, given that x=1 when #=0. [7]
(i) Find the exact time taken for the population of wild boars to reach 200. [2]

(iii) Explain in simple terms what will eventually happen to the population of wild
boars on the island using this model. - [11. -

The line / has equation x;l =y= z Z 7 , and the plane p has equation x—z=2.

(i) Find the acute angle between / and p. : [3]
(ii) Find the coordinates of the point at which / intersects p. ) 3]
(iii) The perpendicular to p from the polnt with coordinates (1,0,~7) meets p at the
point . Find the position vector of N. (4]

(iv) Find a vector equation of the line which is a reflection of / in p. (3]

Section B: Statistics [60 marks]

A company wants to find out the transportation habits of their employees. On one
particular workday, the interviewer selects a sample of employees to interview from those
- walking into the company building by

e standing at the entrance of building and choosing at random one of the first 10
employees who walks into the building,
e then choosing every 10th employee after the first employee is chosen.

@) Whatis this type of samphng method called? R S R [y
(ii) State, in this context, a dlsadvantage of the samplmg method stated in part (1) [l]

(i) - Expla1n briefly how the-interviewer could select a sample of 30 employees using
~ quota sampling. : 2]

Historical data shows that the number of goals scored per match at European Football
Championships has a mean of 1.93-and a variance of 1.4. A large random sample of n
matches is taken. Find the least value of » such that the probability that the average
number of goals scored per match exceeds 2 goals is less than 0.24. [5]



A class of twenty four pupils consists of 11 girls and 13 boys. To form the class
commiittee, four of the pupils are chosen at random as “Chairperson”, “Vice Chairperson”,
“Treasurer” and “Secretary”. '

(i) Find the probability that the committee will consist of at least one girl and at least
one boy. [3]

(i) Find the probability that the “Treasurer” and “Secretary” are both girls. 3]

Under normal continuous use, the average battery life of a PI-99 calculator is claimed to
be k hours . A random sample of 13 calculators were obtained, and the battery
life, x hours, of each calculator was measured. The resuits are summarised by

> x=57339 and > (x-%) =4222.
(i) Find unbiased estimates of the population mean and variance. 2]

A test is to be carried out at the 5% level of significance to determine if the claim made
is valid. '

(ii) State a necessary assumption to carry out the test. 1]

(iii) State the appropriate hypotheses for the test, defining any symbols that
you use. : ) 2]

(iv) Find the set of values of £ for which the result of the test would be that the null
hypothesis is not rejected. Leave all numerical answers in 2 decimal places.  [3]

A roller-coaster ride has two separate safety systems to detect faults on the track and on
the roller-coaster train itself. Over a long period of time, it is found that the average
number of faults detected per day by the systems are 0.25 for the track and 0.15 for the
train. Assume that the faults detected on the track are independent of those detected on
the train.

" (i) State, in this‘context; a condition that must bé met for a Poisson distribution to be -
a suitable model for the number of faults occurring on a randomly chosen day. [1].

(ii) Find the probability that a total of at most 4 faults is detected by the two sy'steins
in a period of 10 days. : - (21

(iii) Find the smallest number of days for which the probability that no fault is detected
by the two systems is less than 0.05. [2]

(iv) Find the probability that, in a randomly chosen period of 10 days, there are at least
3 faults detected on the track, given that there are a total of at most 4 faults detected
by the two systems. 31



10  Alex and Ben play with each other a set of ten gafnes at table tennis and for each game,

11

the probability that Ben loses is 0.7.

(i) State, in this context,.an assumption needed to use a binomial distribution to model
the number of games that Ben loses. (1]

Assume that the assumption made in part (i) holds.
(ii) Find the probability that Ben loses more than half of the games. 2]

In order to improve his skills at table tennis, Ben attends an intensive training programme.
After completing the training, Ben decides to play another set of » games with Alex.
Assume that the number of games. Ben loses, out of these » games, has the distribution
B(n,0.3).

(iii) Find the greatest value of » such that the probability that Ben loses more than 8
games is at most 0.01. 3]

(iv) Given that =50, use a suitable approximation to find the probability that the
number of games Ben loses is between 10 and 20 inclusive. State the parameters
of the distribution that you use. _ [3]

Research is being carried out into how the concentration of a drug in the bloodstream
varies with time, measured from when the drug is given. Observations at successive times
give the data shown in the following table.

Time (¢ minutes) | 20 | 40 | 70 | 100 | 130 [ 190 | 250

Concentration (7 micrograms per litre) | 85 | 62 | 51 | 33 { 29 [ 14 | 6

(i) Draw a scatter diagram of these values, labelling the axes. Explain how you know
from your diagram that the relationship between m and ¢ should not be modelled
by an equation of the form m=a+b¢. 21

It is thought that the concentration of the drug in the bloodstream at different times can
be modelled by one of the formulae

m=ct’+d or m=elt+f

where ¢, d, ¢ and f are constants.

(ii) Fmd correct to-4 de01mal places the product moment correlatlon coefﬁc1ent

between o
(@) t*andm;
(b) Intand m. {21

(i) Explain which of m=ct’ +d or m=elnt+ f is the better model and find the
equation of a suitable regression line for this model. 3]
(iv) Use the equation of your regression line to estimate the concentration of the drug

in the bloodstream when ¢ =150, correct to 2 decimal places. Comment on the
reliability of the estimate obtained. [2]
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Min Ho has just learnt how to use two different methods to mow a piece of lawn in his
house garden.

Method A: This is a two-stage process that involves cutting the grass with a strimmer
and then collecting the grass by raking it up. The time, X minutes, taken to cut the grass

has the distribution N(30,4.8%). Once the grass is cut, the time, Y minutes, taken to
collect the grass has the distribution N(20,3.1%).

Method B: This method uses a mower with a rechargeable battery that will cut and
collect the grass at the same time. The time, S minutes, taken.to do this has the distribution

N(38,2.6%). In addition to this, the battery has to be recharged once before the cut, and
this time is fixed at 15 minutes.

(i) Find the probability that Min Ho takes more than 45 minutes to mow the lawn using
Method A. (3]

(ii) Find the probability that using Method A to mow the lawn is faster than using
Method B by more than 5 minutes. : [4]

Assume that Min Ho mows the piece of lawn in his house garden on a weekly basis. Over
a particular period of ten consecutive weeks, Min Ho uses Method A for the first four

- weeks and Method B for the next six weeks. Find the probability the average time taken

to mow the lawn in a week is greater than 50 minutes. : [4]
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3 . x

4x+3 X+
3 x
4x+3 x+1
3x+3—4x> —3x
(4x+3)(x+1)

N
____42__":3__50 ———(*)
(4x+3)(x+1) '

4x% -3 S0
(4x+3)(x+1)

(2x—\/§)(2x+\/§)20

(4x+3)(x+1)

<0

+

1 —
5
-1

3
ER

NG 3 NG

Hence x<-1 or ——<x<-— or x=>—
2 4 2

3 o . .
For > , making use of the result in above part,

4e* +3 e*+1

NE) 3 NE)

| -1<ef <—— or ~——<e'<—

' (no solns since e* is always positive)

Hence, e* <3/§—3— = x<1n(3/-2—3)




Solution

@

Hour | Start of hour End of hour
1 1+3=4

4 4+12=16
16 16 +48 =64

BN

4(4)"™" >200000

(4)" > 50000
n—1>7.80482
n>8.80842

Number of complete hours = 9

Alternative Solution
4(4)"" >200 000

n | Total

8 165536 <200 000

9 1262144 >200 000
10 | 11048576 > 200 000

Number of complete hours =9

(i)

Day | Start of day End of day
11 200000-x 1.02(200000 - x)
2 1.02[1.02(200000 - x)
1.02(200000-x) | —x}
~x B |'=1.02*(200000)
B ~1.02x-1.02%x
3

At the end of day »n, the number comments

=1.02"(200000) ~ (1.02x +1.02%x +...+1.02"x) — (*)




0.02

1.02(1.02" —1)}

=1.02" (200000) —-x[

=1.02" (200000) - 51x(1.02" 1)

G | 1.02°(200000)—51x(1.02° —1)<0
1.02% (200 000)
>
51{1.02% -1)

x > 8755 (to nearest integer)

Day 1: no. of comments removed =15000

Day 2: no. of comments removed =15000(0.9)

Day 3: no. of comments removed = 15000 (0.9)2

As n—> 00, no. of comments removed

= 1099 ;50000
0.9

Software Y is unable to remove all the comments because eventually it is only
able to remove 150 000 comments.




Solution

®

x(4+ e2 )= 5e2

Method 1:
o j‘ -0

Doing partial fractions
1 A B

x(5-x) x 5-x
_AG-x)+B(x)

x(5-x)
A=1
5
=1
5
5x 5(5-x) 10

1 1
—g[lnlxl—ln|5—x|] =T5t+c

In

5-x

1
=—I+c

1

S5-x

l 1

5e7’ S

4oet -

x
——=Ae? , where 4 =+¢

1

Given x=1 when t=0,—l—=Ae° - A==




®

Method 2:

jx(Sl—x)dx:.[l—l(s a ——_(*)-,
1 1

e The
25 542
F-(x-3) 10
1 B+e-Pl o
5 5 5 =f6t+c
2(3) 15-G-3
In|— ‘=lt+c
5—-x| 2 :
X Y
—— = Ade2 , where 4 =¢>°¢
5-x

Given x=1 when =0, -5—1—-=Ae° = A—1

1 1

Se? 5
xXxX= i’ = 4_lt
4+e”- 4e 7 +1
(i) 3
When x =2, Se, =2
4+e?
1 I
8+2e2 =5e?
LY
3e2 =8
o8
3
t=2ln(§)
. 3
‘ It takes-t=21n(§) years.
I

500 eventually.

As t -0, x—>5. . The population of wild boars will increase and stabilise at




4 Solution
® 1 -2
I: r=| 0 {+A] 1 |, where A is areal parameter.
-7 4
1
p: rel 0 |=2
-1
=2) (1
1 [¢f O
. 4 -1) 6
sin@ = 1 Z\[Z—f«/i
1 0
4 jik -1
-0 =67.8°(1 dec pl)
(ii) For the point of intersection between / and p,

1-24 1

A L0 =2
—-7+44) (-1
1-2A4+7-44=2
A=1
1 -2
The position vector of point of intersectionis { 0 |+] 1

-7) \ 4

Coordinates of point of intersection are (-1,1,-3).

(i) -

1Yy (1
lr= 0 |+ul. 0|, uel
—7) -1

1+u\(1
0 |]0}=2
~T-p)\-1

I+ pu+7+pu=2

The line perpendicular to p pé.S’sing through ‘(1;0,47) is .




2u=-6
H=-3

_y [1-3) (-2
ON=| 0 |=|o0

-7+3) (-4

(iv)

Method 1:
Let the coordinates of 4 be (1,0,-7).

Let 4 be the reflected point of 4 in p.

- —

—> '
Using ratio theorem, ON = 04+ 04"

> > = (1) [P
= 04'=20N-04=2] 0°|-| 0 |=| 0

-4 ) \-7 -1
The reflected line contains the point A’ and point of intersection between / and p.

-1 -5 4
The direction vector of the reflected lineis| 1 {—] 0 j=| 1

-1 4
sr={ 1 |+a] 1 j,ael
-3 -2

(iv)

Method 2: » '
Let the coordinates of 4 be (1,0,—7) .Let 4’ be the reflected point of 4 in p. Let
the coordinates of B be (-1,1,-3).

- —
—> BA'
BN:M
e e
| BA'=2BN-BA S
2 (1) (1Y (-1} (-4
=21 0 1-2{ 1 |—=1 O {+} 1 l=}-1
~4) \-3) \-7) (=3) (2
-1 —4)
r=| 1 {+a|-1{,ael
-3 2




Solution

@

Systematic sampling

(i)

(slower, more difficult to collect) Systematic sampling is a more tedious process
to select the employees, whereas quota sampling is quick and easy.

Another possible reason: might miss out a certain group of people due to different
reporting times.

)

The interviewer could consider transport mode of the employees as the stratum. A
possible quota for each stratum is as follows:

By private By public
~ transport transport
10 10 10

By walking

The interviewer can then stand at the entrance of the building and select the
sample until the above quota is met.

Solution

E(X)=193 Var(X)=14
Since 7 is large, by Central Limit Theorem,

X ~ N(1.93, ﬁ) approximately.
n

Given that P(? > 2) <0.24 - (%)

Method 1: Using GC to set up table

when =142, P(BE > 2) =0.24041 (>0.24)
when n=143, P(X >2)=023964 (<0.24)

when n=144, P(X >2)=0.23887 (<0.24)

. leastnis 143.

Method 2: Using algebraic method via standardization
P (Y < 2) >0.76

>0.76




From GC,
2-1.93

1.4
%
Vo> 2T i

Jr >11.939
n>142.53

>0.70630 ———(**)

.. least mis 143.




Solution

®

Method 1:
Required probability
13C.4 ) e,

=1- 24C.4 74

=0.902 (3 sig fig)
4

Method 2:
Required probability
13x12x11x10 11x10x9%x8

=1- - =0.902 (3 sig fig)
24x23x22x21 24x23x22x21

Method 3:
Required probability

=0.902 (3 sig fig)

(i)

Method 1:

Required probability
ey x21x 2C, x 2!
- e s x4!

=0.199 (3 sig fig)

Method 2:
Required probability
_ 11x10x22x21
T 24x23x22x21

=0.199 (3 sig fig)




Solution

®

Unbiased estimate of the population mean
573.39

X =

=44.10692308 =44.1 (3 s.f.)

Unbiased estimate of the population variance

, 4222

s =3.518333333=3.52 (3s.f)

(i)

The battery life of a PI-99 calculator is assumed to be normally distributed.

(iii) |

Let X be the r.v. denoting the battery life of a randomly chosen PI-99 calculator.
Let u be the population mean battery life of the PI-99 calculators.

Hy,: pu=k
H: puzk
where H, is the null hypothesis and H, is the alternative hypothesis.

(iv)

To test at 5% level of significance.

Under H, , the test statistic is T = X; k. f2)-

Vi3

Since the null hypothesis is not rejected, #-value falls outside critical region.
. —2.178812 < t—value < 2.178812 .

x -k
JiG

37—2.178812(—£—] <k < f+2.178812(—s—)

Vi3 J13
where ¥ =44.10692 and s =+/3.51833

-2.178812 <

< 2.178812 —(¥)

4297 < k <4524
The required set is {k €[0:42.97 < k < 45.24}




Solution

®

The average number of faults detected by each system (for the track and the train)
is constant from one day to another.

(i)

Let X be the r.v. denoting the total number of faults detected by the two systems in
a periods of 10 days.

X ~Po((0.25+0.15)x10), i.e. X ~Po(4)
. P(X <4)=0.6288369=0.629 (3 sig fig)

(iii)

Let Y be the r.v. denoting the total number of faults detected by the two systems in
a period of n days.
Y ~Po(0.4n)

Given P(Y=0)<0.05,
Method 1: Algebraic method
e 2005 (o (e*°'25" )(e“"-”" ) <0.05)

n>17.489
.. the smallest number of days required is 8.

Method 2: GC table
When n=7, P(Y = O) =0.06081 (> 0.05)

When n=8, P(Y =0)=0.04076 (<0.05)
When n=9, P(¥ =0)=0.02732 (<0.05)

.. the smallest number of days required is 8.

(iv)

Let W and ¥ be the r.v. denoting the number of faults detected on the track and on
the track in a period of 10 days respectively.
W ~Po(2.5) and V ~ Po(1.5)
Required probability
=P(W 23|V +W <4)
_P(W23nV+W<4)
__4 P(V+W<4) - o o
P(W 3)P(V 0) +P(W 3)P(V 1)+P(W 4)P(V 0)
P (V +W <4)
P(W 3)P(V <1) +P(W HPV = 0)
P(V+W<4)
=0.237 (3 sig fig)
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Solution

Ben’s performance (i.e. whether he loses or wins) in a game is independent of any
other games that he plays with Alex.

(i)

Let X be the r.v. denoting the number of games that Ben loses out of 10 games.
X ~B(10,0.7)
P(X >5)=1-P(X L5)

=0.84973

~ 0.850 (3 sig fig)

(iii)

Let Y be the r.v. denoting the number of games that Ben loses out of # games.
Y~B (n,0.3)
P(Y >8)<0.01
1-P(¥ <8) <0.01
Using GC,
When n=13, P(Y >8)=0.00403 (<0.01)
When n=14, P(Y > 8)=0.00829 (<0.01)
When n=15, P(Y >8)=0.01524 (>0.01)
.. the greatest value of n is 14.

(iv)

Let W be the r.v. denoting the number of games that Ben loses out of 50 games.
W ~B(50,0.3)

As n.= 50 is large, np=15(>5) and ng=35(>5),

. W ~N(15,10.5) approximately

P(AO<W <20)=P(9.5<W <20.5) ———(*)
=0.910 (3 sig fig)




11 Solution
(@
(L S
85-1-o
' o
: o
: “ o
[ B Y
20 250
From the scatter diagram, a curvinlinear correlation is observed between m and ¢
(i.e. as t increases, m decreases at a decreasing. rate),-and hence a linear model
with equation of the form m =a+ bt cannot be used to model the relationship |-
between m and .
- (i) Product moment correlation coefficient between i and 1> = —0.8454 .

(@)

(b) Product moment correlation coefficient between m and In¢ =—-0.9961.

(iii) Since the absolute value of the correlation coefficient between m and Inz (i.e.
case- (b)) is closer to 1, this indicates that the linear correlation between the
variables m and Int is stronger as compared to that between the variables for
case (a).

-~.case (b) is the better model for the relationship between m and ¢.
m=179.026-31.2175Int
= m=179-3121In¢ (3 sig fig)
(iv) When ¢ =150,

m=179.026-31.2175In150 = 22.61 (2 dec pl)

The estimate obtained is rehable because the given value-of ¢ = 150 lies within |
the given sample data range for ¢ and the product moment correlatlon coefficient
between m and In# is very close to - =1, hence indicating a strong negative linear
correlation between the variables m and Int .
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Solution

X +Y ~N(50,32.65)
P(X +Y >45)=0.809224 = 0.809 (3 sig fig)

(ii)

E(X+Y-S8)=12
Var(X +Y —8)=39.41
S X+Y-8~N(12,39.41)

P(method A is faster than method B by more than 5 mins)
=P(S+15—-(X+Y)>5)

=P(X+Y-=S5<10)

=0.375020 =0.375 (3 sig fig)

(iii)

Let A=X +Y and B=S+15.
A~N(50,32.65) and B~N(53,2.6%)

A+ Ay + A5+ Ay + By +...+ By
10
50x4+53x6

E(F)==—— =518

& Var(v)= 32.65x4+;2.62 X6 _1 1116
10

- W ~N(51.8,1.7116)

Required probability

=P(W >50)

=0.915566 =0.916 (3 sig fig)

Let W =







