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2
1 The points P and Q have position vectors p and g respectively, which are non-zero and non-parallel. The
points P and O are fixed and R. with position vectorr, varies.

(a) Given that (2r —p)x p =0, describe geometrically the set of all possible position vectors of r. 2]

(b) If r=q+ Ap.where 2<0,show that the area of triangle POR is k | pxq| where k is a constant to be

determined interms of A . [3

ax—3g =2
3—-x

o .
and y=—x, where a1, giving
3

2 (i) On the same axes, sketch the curves with equations y =

the equations of the asymptotes and the coordinates of the points where the curves meet the axes. [3]

.. . o =3ua+ 2 a .. . . .
(it) Hence, solve the inequality > —x . giving your answer in terms of a. [3)
3-x 3
. - . | . A B -
3 (i) By first expressing —— - in the form ———+ where 4 and 2 are constants, find
ri{r+2) (r+20 (r+1)

5]
Zm 7 [3]

Fa |

w‘-—

1 +( ) r+2)
(i) Hence, explain why the series Z T 2) converges and find the exact sum to infinity of this
= rir+

SEries. [

4 A curve ¢ has cartesian equation

(i) Thedistance between a general point (x, y) on ¢ and the fixed point (l, 0) is denoted by 5. Show that

szz(x—l)er}’z. (1]

(iiy Use differentiation to determine the coordinates of the point on ¢ which has the minimum distance
from the point (1,0}, giving both coordinates correct to 4 decimal places. [5]

[You need not prove that this distance is a minimum]

(iii) Find this minimum distance. [l
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3

5 (a) The curve y=1(x) has a horizontal asymptote y =k and cuts the axes at {d.0) and (0.), where a,
|
b and k are non-zero constants. It is given that £~'(x) exists. State, if possible, the coordinates of the

points where the following curves cut the axes and the equations of their aSyrﬁptotes_
() y=1(2x-3)

i) y="(x) 2]

¥

(b) The function g is given by g:xHIn[e +S].for xeR,x>0.

x

e’ —1

(i) Find g'(x) and state its domain. [3]

The function h is defined by

hixT+%~-(x=2) . for xeR,—1<x<5,

(ii) Find the exact solutions of g*'h(x) = In2, giving vour answer in its simia]est form. (3]
. - |x + 2|

6 (a) Find the exact value of | —————dx. [4]
a X +4x+5 ;

“sin(lnx)

(b) (i) Write down J dx, where x > (8. 5 .

X

(i) Llence find [xsin(In x)dx. | [4]

7 Itis given that 3 =In{l +e").
. @
(i) Showthat (1+e )—Jx——e =0. ; (1]

(i)} By further differentiation of the result in (i), find the Maclaurin series for ¥, Eup to and including the

X

term in x*. Hence tind the series for

— up to and including x. [4]

+€

(iii) Using appropriate expansion from the List of Formulae (MF26), verify the d:orrectness of the series

k.

found in {ii). [3]

+e*
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8 A curve ( has parametric equations
.8 5
x=asin™{, y=acos {

where a is a positive constant.

The tangent to C at a general point with parameter £ cuts {he coordinate axes at the points A and B.

2 2

(i) Denoting the origin by O, show that OA* +OB* =a*. [5]

RS

(i) As 7 varies, the midpoint of the line segment AB iraces out a curve. Find the cartesian equation of this
curve in its simplest form. ’ [3]
(ifi) Find, in terms of a, the area enclosed by the curve C, giving your answer in the form ka™ where kis to

be determined correct to 2 decimal places. [3]

9 The complex numbers = and w where w = 0 satisfy the relation

::llerI .
(i) It is given that @ is a real number and that a and z satisfy the equation 2= — 527 + 2z + (a+ 3)i=0.

Explain, with justification, why a = —3 and that the only possible value of z is 2. 6]

[t is given that argw =

el l

(ii) Express the complex number w in the form p+ gi where p and ¢ are in non-trigonometric form.  {2]

(iii) Find the Teast integer n such that |w”] > 20212021. 2]
(iv) Find the least positive integer & such that w' is a positive real number. [2]

10 One day. Eddie came home from a birthday party and brought back a helium filled balloon. After playing
with it. he accidentalty releascd the balleon at the point (1, 2, 3) and it floated vertically upwards at a speed

of 1 umit per second. Shortly after ¢ seconds, a sudden gust of wind caused the balloon to move in the

direction of i+4j+0k.

You may assume that z = 0 refers to the horizontal ground.

(i) Find the angle in which the balloon has changed in direction after the gust of wind blew it away. [3]
(ii) Find the Cartesian equation of the plane that the balloon is moving along. 13}
(iii) Given that the balloon eventually stayed at the point (2, 6, 12) on the ceiling, find the time ¢ when the

gust of wind blew the balloon away. [3]

Eddie decides to shoot the balloon down with his catapult.

{(iv) Assume he was holding his catapult at (3, 2, 1) initially and he walked along the path parallel to2i + j.
Find the position vector of the point where he should place his catapult so that the distance between

his catapult and the balloon is at its minimum. Hence find this distance. [4]
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11 In economics, a supply and demand chart is made up of two curves: the supply curve and demand curve.
The supply curve is a function that shows how the price of a product, P, is related to the quantity, ¢,

supplied during a given period of time. The demand curve is a function that shows hpw the price of the same
product is related to the quantity demandcd during a given period of time. Due to the nature of the curves,
they will intersect at a point which is known as the egquilibrium poin.

For a particular product, the demand curve is given by the equation D{g)=75-1 .Zi* where 0<¢g <21 and

the supply curve is given by the equation S(g)=2(1.22)" —1 using the same domain.

(i) Sketch both curves on the same diagram. Your sketch should indicate the iaxia] intercepts of both
curves, : (3]

(ii) Find the coordinates of the equilibrivm point. {1]
Let p, be the price of the product at equilibrium point. The area between the demanﬁd curve, the line P=p,
and the tine ¢ =0 is defined as the consumer surplus. In a similar fashion, the area between the supply
curve, the line = p_ and the line ¢ =0 is defined as the producer surplus. |

(iii) Without using a graphing calculator, determine the consumer surplus and producer surplus, leaving
both answer to 2 decimal places. : [4]

A global increase in production lead to a shift of the supply curve to the right. The eﬁuation of the new curve
is given by S(g —a) where a is a positive constant. The price of the product at the new equilibrium point

isdenoted by p’.

(iv) Show that £= L : [4]
o+l (122) 12 ;

(v) For the case when a =4, find the increase in the consumer surplus, leaving your answer to the nearest
whole number. 2]
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2021 NYJC JC2 Prelim 9758/1 Solutions

l(aj .

(2Zr-p)*p=0 eans ¥ P is parallel to p
2Zr-p=kp

r=(k+1)p

_k+1

2 . :
r represents the set of position vectors of points that lies on the line thrpugh the origin and
parallel to p. ’

T

1(b)

AreaAPQR o I
1 U (B
= 10RO
]
—‘z“MPX(P“l)W
~ Sl a)]
5 |
—TI(PXQ);

k=—4/2

2(1)

—— v ——

\
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2021 NYJC JC2 Prelim 9758/1 Solutions
2(ii) - ax—3a+12 ax—3a+2
The reflected part of 3-x s 3-x
_ax— Ja+2 a
Solving 3-x 3
ax-3a+2=2x —ax
ax’ —6ax+9%a-6=0
_ba£y(-6a)’ — 4(a)9a-6) NETP ST . .
© - 2a @
+ 240 a3 =2
:6a_\f24a 34 E {¥x=3) .
2a d =
Y=3+J—
o

ax—3a+2 a

Solving 3-%

g.\‘zm3a+2:()
3

2 Ya-6

X =

a

e

x= 97E (Rejectx——\x()é)
4]

o

mf%a +5 (.'

= x <] ( /()74<r<3 )<x<‘%+[g
4] or \

3 F+l r¢7—] 1 I
;-.(;-+z) T2 (r2) (D! ) S
Alternative:
i ol

P r+2) (r+2)!

A B A+B(r+2)

(r+2)!+(i'+i)!_ (r+2)!
rtl= A+ B(r+2)

By comparing coeff; 4= -1 8=1
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]
r|(,+2 ZL;H)I (;;2)1}

.‘

‘M3

1l
|
T

o

\L:

n! 7%1_)*
L
) (n-2)
1 ]

2 (m2)

30 . )+ i\’.r!(r+2) - -
[flng) :Z;'Hz Z(J

r=I

I 1

i (r+2)
As n-—>oo G142 ,thus =7 V"7 %/ converges.

1Y
o z[g ]
2 , thus r=t converges.

L, b i}, ri{r+2)
Z_LT

Since

Therefore, = converges.
r
w]%-[_l) r!(r+2) !
3 3 1
Z =4 —— 4+ —=]
—= r+2) 2, 1 22
3
4( .
@ Take an arbitrary point (x.7) on C.

Distance between (x,y) and (]’0),

5= (Jr—l)2 +yt

s =(x— 1)2 +y°

4@Gi) | Differentiating w.r.t. x gives

ds dy
25— =2(x-1)+2p—
dx ( ) ’ dx
o
When s takes a minimum value, dx . Thus
Page 3 0f 12
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2021 NYJC JC2 Prelim 9758/1 Solutions

X =l-x
(1)
x:(lwxy1

¥t -4 +6x% -5x+1=0
By GC (Poly Root Finder),
0.2755

y= 2210 03803

So the point on C having a minimum distance from the point

(1,0}, (0.2755,0.3803)

4¢iii) | The minimum distance
= J(0.2755-1)" +0.3803°
=818
@ @h >0 ©0p-Cb
(i) 2 2
a+3
2 " is the only point.
Asymptote: ¥ =&
(i) {a,0) = (0,a)
(0,0) > (5,0)
Asymptote: x=k
5(b Y45 ¥
-( ) y=In E—%—‘i\::»ef" :E-Si:(e"'—l)c‘ =e”+5
(]) e’ —1 S
, e’ +5 e’ +5\‘
=o' == x=In| — }
gt 1 e’ -1,
v, 80
.'.g_!(_\')=lnrex+5J
e -1
D, =R, =(0,%0)
L
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2021 NYJC JC2 Prelim 9758/1 Solutions

(b) Note: g is a self-inverse function
(ii) a"'h(x}y=In2
gh(x)=1In2
Method 1: Method 2(not recommended):
h(x)=g"'(n2)=In7 gh(x)=m2
1+J9-(x—2) =In7 RN
In| ——===e-"i{=1In2
& en._,sl-(.\---zf -1 n
JUNCES _,
c;w’;%.r—z}“ -1 -
elw'ﬂ- T —7
1+ J9—(x~2) =in7
9 (x—2Y =(In7-1y
(x=2) =9-(In7-1¥ =(2+1n7)(4~1n7)
x=2+ J(2+1n7)(4-In7)
6(a) e+ 2 . _l"z +2 ‘” X2
__3.\'2+4x+5 J5 X +4x+3 Lyt 4 ts
rToay -oay
_ ! }_,\+4 H_lJ’ 7__,\-H-l .
2) s x*+4Ax+5 20ax +4x+5
-2 -
= %(—[]n .\'2 +43+3 } + [ln xz-'r Jx+3 } }
= é[(—ln] +I2)+(In2-InDHl=1n2
6(b sin(in i N
(i() ) J-Mdr=fu-sm(]nx)dx=—f;os(lnx)+c
x X
6(b : XY
( ) Ix sin(In x)dx = Jx[iJsm(]n xﬁ?‘
(i} X

NER

= J X (Jsm(!n x)dx
\ X

=x" (—cos(ln X)) — IZ_Y(-— cos(inx)-

2 X
=—x" cos({in x) + Zj.,r(—) cos(ln x)xdv

X

=-x"cos(ln x) + 21}2 sinin x) — IZ rsin(In x)ch']
SIx sinfln x)dx = —x* cos(In x) + 2x~ sin{in x)

Jx sin{ln x)dx = -;— (—x* cos(ln x)+ 2" sin(In X)) + ¢
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2021 NYJC JC2 Prelim 9758/1 Solutions

7(1) y=In(i+e")

d_V B e X

dy l+¢"

dy
l+e")==¢"
( )dr

{1+ e")ﬂ}—' —e” =0 (shown)
dx

7(ii 2, ;
o) (1+c*}fj——-};+e“9l_c‘=(}
dy” dx
3, 2 2, X
(l+e")d—":+e‘d4‘1—)+c“d : +e“'glme":(}
’ dx” [\ dx
3, dz , ,
{E+e")d—}7+2e"———’r—+exdi—e*=0
dx” v dx
Whenx =0,y=mn2
w_ & 1
dv 1+e' 2

dzy a, b 0
(t+e)y—=+e'(-)—e" =0
dx” 2

dy_ !

ds® 4

By Maclaurin’s serics,
1

y:ln2+l.lr+ix2 e
2 2

y=hr12—!—l)c+£x2 +o
2 8

C‘

X

. . dy
Sincey=In{l +e"),— =
Y ( )d,\ l+e
e’ 11
X
t+e”™ 2 4

7(iii) | Using MF26,

X

£y

—=et(l+e’)”

P+

=(l4+x+-)i+lex4-2)"

wﬂ+ﬂﬁ”0+%YW
=%U+ﬂﬂ+%+m)
=%u+x+§+~q

i i
=—+—X+..
2 4

OR
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021 NYJC JC2 Prelim 9758/1 Solutions

—

ex 1 _ -1 e" } o
= ={i+e x =]— :17(]4"3"
l+e* 1+e™ ( ) 1+e" l+ef ) .
=(th=x+) ! =l-(1+1+x+)"

—i -1 i
=~1-[1—f] :1—1[1+f] |
2\ 2 2 2 |
:l 1+£+... :1_1 ]_£+] :
2\ 2 2 2

1 1 - i
=—t+—x+ : ==t =Xt
L 2 4 2

8(i)

>

.
=
L 2

, i P(a sin’ 1, a cos’ f)
Let the tangent to C at the point

: . _ ; 4
ﬁzﬁz/ér_m_{:_cmst
dx  dt

Equation of tangent at P is

cut the x and y-axes at 4 and B respectively.
dr Sacostsin't

y—a cos” ¢ =—cot’ t(_r— asin’ r]

At A, y = 0. Substituting into equation of tangent gives

5
.5 acost
xr=asn tr+

cot’ 1

= asin’ { +asin’ 1cos’ ¢

=asin’ t(sin2 1 +cos? f)

—asin’t
At B, x = 0. Substituting into equation of tangent gives
y=acos ! +asin reot’ ¢

—acos’ t+asin’1cos’ ¢

=acos’ 1(0032 1 +sin’ {)

3

= {aCos

2

OA% +0B? = (a sin’ t)i +(a cos’ t)g

Wit ™~

2
=a (sin2t+coszl):a3

L | b

Page 7 of 12
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2021 NYJC JC2 Prelim 9758/1 Solutions

8(ii)

L]

asin't acos’t
2

J/f[ >
Midpeint of AB is -

_ C()S3 [}

.3
asin’ ¢
= and v =

Set x

—asin’ =2y and acos' t=2y

2 2

S (o) - (22)

[t

= (asi113 f)'

e

2 2 : z
o= and o e’ (20)
Adding,

8(iii) | The curve  is symmetrical about the ¥ and y axes.
Area enclosed by C

:4'{ ydx
o

= 4-{2 acos’ ! (Sasinztcosr) dt
o

T

= QO(JQJZ sint7cos® s dr
0

z0.37(12

9G) o w1
2z-1=|w=z= 2 GR’ 2" 52 122 R Thus for a€ R,
223—523+22+(a+3)i29 =

=225 +22=0 and a+3=0

Sz(Zsz)(zAZ):O and g =-3
2(22—1)(2m2):0:> 2:0,%,2

Ifz =0, then =2z -1=-1<0 which is impossible.

|w':0:>w=0

z=-—
If 2 then which contradicts w# 0

Hence z=2.

o) | w=2(2)-1=3

T o.. my 3 3\/5.
w=23| cos—+1sIn— |=—+—1
3 3 2 2

Page 8 of 12
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2021 NYJC JC2 Prelim 9758/1 Solutions

9(iii)

> 20212021

w"

|w{” > 20212021
3" > 20212021
120212021
n>»—_————
lg3

So least mis 16.

~15.3

9(iv)

For W' 1o be a positive real number,
ag w &Rl m= K
= kagw=02h2, m= K

:%zﬁ,%{, K

=k =0,6,12,K

So least positive integer kis 6.

10(i)

(0 1

Qs

L] 6) 6
a6 53

f=34.5°

cosfl =

10(i)

| 0 I
r=|2 |+ 01+s 4
3 1 [§)

4

=
h
—_ o o
X
o B -
I
O---

.,
& = A
i
=]
o - L
i
I
\

T~

~Ax+y=-2

10Gii

2 ] 0 1
6 |=121+¢£|0|+s5|4
12) (3) L1y s

2=l+s5=>5=1
12=3+t+6(}=>1=3

Pagc 9 of 12

www.testpapersfree.com




2021 NYJC JC2 Prelim 9758/t Solutions

10(iv) 73 1
for=2|+A12,AeR
1 0
3 I
%: 2i{+A12
1 0,
Let the final position vector of balloon be X
3 .
Xi[j1|=0
0
3 2 2 2
21+A[1|—| 6 1|=0
1 0 12 0
2-4+A(4+DH=0
2
A==
5
3 2 19
(>
OfF =2 +z I |==f12
5 5
i 0 5
. 4., L3 »
At =‘j(l—)“ (=32 (-1 =117
5 5
11(i)

74

21

Page 10 of 12
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2021 NYJC JC2 Prelim 9758/1 Solutions

11(ii) | Using GC, the coordinates of the equilibrium point 1s (16.3, 49.7).
)11(111 Let % be the guantity at equilibrium point. Thus
e [ _
C8.=["Dg)dg-p.g,
— 4 B e & 1 _
L (75 1.22 )dq P4,
g | i
=175g-—2 | —pa,
n(1.22) ] |
=289.40 |
e
P.S.=p.g, 7.[0 S(q) dg
4,
= pa. |, (2(1227) 1) dg
21227}
Sl T 2y Y
3
| =578.80
11{iv) 75-122% =2(1.22% )1

= 3120% =76

Let ¢ be the quantity at the new equilibrium point. Thus
75—1.22% = 2012247y 1 = 2(1.227)(1.22% ) -1
= {1 +2(1.22 ) )(1.22)% =76

Dividing, we have

3

1+201.227%)
Also, we have
p,=2(1.22)% ~1
P =5(q0 — aT=R(1.22)%7 —1=2(1 22y (1.22)* —1
Thus
ol 2(1.22)7°(1.22)%
poAt 20122y

=(1.22) “(1.22)% *

3022

142012279

~

2

T2y 2

(f _22)%‘-‘%- =

Page 11 0f 12
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2021 NYJC JC2 Prelim 9758/1 Solutions

1H(v) p=75-1.22"
_In(75-p)
1n(1.22)

3 p +1
;;;:—L?'lelﬁs.osgs
122 +2

Using (iv),
Using GC,

p! f—
fncrease = j M ap

=55 {to nearest whole number)
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Section A: Pure Mathematics [40 marks]

1 The plane TI, passes through (3,—1,2) and is perpendicular tothe line r=2i+4j-3k + A(Gi+ 2j~ k). The
plane It, contains the points (2.3.2), (4,1,-1) and (0,-1,2).

V30

BTN (3]

(i) Show that the acute angle, & . between the planes T1, and TI, is such that cosf =

(i) Show that the line of intersection, L, of the planes Il and I1. has vector equation

0 -1
r=|9 |+ 4 |.ueR. 3]
7 3,

The ptane T1, has the equation 4(k = 2)x + (k + 1)y - 4k°z =8 , where k is a constant.

(i) The three planes T1,, 1, and I1, have no points in common. By considering the relationship between

the line L and the plane 1, find the possible values of & 2]
(iv) For the positive value of & found in (iii), find the distance between L and I1,. 2]
2 Many industries use rectangular tanks to handle their water, wastewater and chemical storage and processing

needs. Because of their shape, rectangular tanks can offer tremendous cost savings for shipping compared
to cylindrical tanks.

In fabricating one such industrial-strength storage tank. a customer requires water to flow into the
rectangular tank with a horizontal base area 4. at a constant rate of # units of volume per unit time. The
water should flow out of the tank through a hole in the bottom, at a rate that is proportional to the square
root of the depth of water in the tank. It is also required that when the depth of the water in the tank is A. the
level of water in the tank remains constant.

(i) Obtain a differential equation for the depth x at time /. 3]
o,
(ii} Itis known that the tank is filled to a depth of 44 initially. By using the substitution x = Ay’ , show that
. - . . 2Ahdu -1
u satisfies the differential cquation —=— . 2]

noodt u

(iii) By solving this differential equation, find, in terms of 4.4 and n, the time needed for the depth to reach

i;h . Describe how x varies with £. [6]

NYJC 2021 JC2 Preliminary Examination 9758/02
www.testpapersfree.com



3

3 (a) Anarithmetic progression has n terms and a common difference of d. Prove that the difference between

the sum of the last & terms and the sum of the first & terms is (n—k)kd . E]]

3= 3r-1
1 1 d :
(b} The rth term, u,, of a series is given by u, [3] +[—J . Expriess Zu, in the form

3 r-1

A(] —Eg——] where 4 and B are constants to be found. Find the sum to infi mty of the series. {1]
{(c) (i) Write down the sum of the geometric serics z+2° +..+ 2" . _ i [E]

ity

. sm.—ge‘ *
(i} By putting z =¢'"? in your result, show that this sum can be written as ———2~—~—— . 2]

L sin-
P2

(iii) Hence, by using the identity & = cos@ +isin@ , or otherwise, show that |

.nf . (mn+ 1O
$In——sin+——
sin@+sin28 +...+sinaf = 2 [3]
sin—
2
4 Alr is pumped into a spherical elastic ball through a tiny hole at a constant rate of 10 cm® per second.
Assuming that the ball maintains a spherical shape throughout the process, find
(i) the rate of increase of the radius of the ball at the instant when the radius is 5 djm, [2]

(ity the rate of increase of the surface area of the ball at the instant when the radiug of the ball is increasing

2 ;
at the rate of —— cm per sccond. i (3]
727 '

. . ) ) 4 )
[1t is given that the surface area and volume of a sphere of radius r are 41~ and Eprr" respectively.]

Section B: Probability and Statistics {60 marks]

5 A school teacher is interested in the amount of time spent for revision per day for 1}115 students. He decided
to select 5 students from each of his four classes. i

(i) Explain why this method may not be appropriate. f1]

(i)} Suggest how the method can be improved to get an appropriate sample and why it should be done this
way. 3 [2]

(iii) If it is further known that there are 20 students in each of his four classes, tmd the number of possible
samples that he can have if he selects 5 students from each class. : [1}
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6 The evenis 4. B and C are such that P(4)=04, P(B)=0.8. P(C)y=0.7. The events A and B are

independent; and the events B and C are independent.

(i) ifA, Band C are independent events, find the value of P{ANB'™ ). {2}

(i) 1f P(AnBC)=0.25, find the least and greatest value of P(4 M B'm (7). [4]

7 This question is about the arrangement of the nine letters in the word PINEAPPLE.

(i) Find the number of ways of arranging all nine letters of the word such that the letters are not in

-

alphabetical order. [2]

(i) Find the number of different ways of arranging all nine letters of the word PINEAPPLE such that no

vowel (A.E, [} is next to another vowel. [2]

It is now given that 4 letters are chosen to form another arrangement.

(iii) Find the probability that it consists of at least 2 identical letters. 4]
8 A factory produces surgical masks. On average, a proportion p of mask fail to meet the requirement of

surgical standard. A mask that fails to meet the requirement is considered faulty. The masks are packed in
boxes for sale to retail outlets. It should be assumed that the number of faulty surgical masks i a box follows
a binomial distribution.

For quality control purposes a random sample of 10 masks from a box is tested.

e Ifthere are no faulty masks, the box is accepted for sale.

e Ifthere are more than 2 faulty masks found in this sample of 10. the box is rejected.

e If there are 1 or 2 faulty masks found in this sample. a further sample of 5 masks is randomly
selected. The box will be accepted if this sample of 5 masks has no faulty masks and will be rejected

otherwise.
(i) Given that the probability of a box being accepted is 0.923, find p. [3}
(iiy Find the expected number of masks to be sampled for quality control. [2]

The inspection was conducted in batches. In one batch, 60 boxes of masks are chosen to be inspected.

(iii) Find the probability that the 60™ box is the 5™ box to be rejected if at least 5 boxes of masks are
rejected. (3]
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9 A bag contains 2 blue counters, | white counter and # red counters, where n > 2. [n a game, John removes
counters randomly from the bag, one at a time, until he has taken out 2 red countérs. The total number of
blue counters John removes from the bag is denoted by € .

(iy Show that P(C =1) :4(”—_1) . Find P(C = ¢) for all other possible va]qu of ¢. (4]
(n+2)n+1) |
.t , w_ 4 " a(n) . P .
(ii} Show that E(C)=—— and Var(C)=—2S—"— where g(n) is a quadratic polynomial to be
n+1 (n+2¥n+1) !
determined. | (3]

(i) John plays the game twice and the number of blue counters obtained from lhiese 2 games are (, and

C, respectively. Itis known that P(

)< % Find the least value 01‘% . [3]

10 Anoffice worker, Natalie, has diabetes and has to monitor her blood glucose leve[sL which vary throughout
the day. The results from a sample of 75 readings, x (in mmol/L), taken at random times over a week. are

summarised by D x=511.5 and ) x* =4027.89.

(i} Calculate unbiased estimates of the population mean and variance for the blodd glucose levels.  [2]

(iiy Test at 5% significance level whether Natalie’s mean blood glucose level, g(in mmol/L). is greater

than 6.0. You should state your hypotheses and give your conclusion in context. 4]

(ili) State, giving a reason, whether the conclusion of ihe test in part (ii) would be valid if the 75 readings
were all taken at weekends. it

Following a change in her diet, Natalie claims that her mean blood glucose level g is now less than 6.0. She

takes another random sample of 75 readings and notes that the total blood glucose levels is now 420. Using
this sample, Natalie concludes that there is no reason to reject her claim at 6% leve] of significance.

(iv) Find the range of possible values of the variance used in calculating the test s[éatistic. [4]

(v} Explain why there is no need for Natalie to know anything about the popul%ition distribution of the

glucose blood levels when carrying out the tests in (ii) and (iv). [1]
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11 In this question you should state clearly all the distributions that you use, together with the values of
the appropriate paramef{ers.
NY Pasta Brava runs a pasta delivery service in the district of Serangoon. Its pasta are first prepared at a
central kitchen before being sent out for delivery through its food delivery partner. To ensure freshness of
each order, NY Pasta Brava only starts preparing the next customer’s order after the previous customer’s

order has been sent out for delivery.

The time taken for NY Pasta Brava to prepare each customer’s order follows a normal distribution with

mean g minutes and standard deviation & minutes. The time taken for its food delivery partner to send

cach order also follows a normal distribution with mean 24 minutes and standard deviation 6 minutes.

(i) Itis given that the preparation time for an order is equally likely to be faster than 13 minutes and slower
than 18 minutes. The boss also recorded that on average. 49.5% of orders were prepared between £4.5

and 16.5 minutes. State the value of grand show that & = 1.50. 2]

(i) Sketch the distribution for the preparation times between 10.5 minutes and 20.5 minutes. [2]

To improve the efficiency of the pasta preparation process. the chef of NY Pasta Brava purchases new pasta
machines and reorganises the kitchen with designated workstations to prevent bottleriecks such that the

preparation time for an order is reduced by 15%.

{(iti) To maintain customer satisfaction. NY Pasta Brava aims to keep the average time for its orders to reach
its customers below 38 minutes for each day. Given that there were 85 randomly chosen orders in total

on that day, find the probability that NY Pasta Brava succeeds in maintaining customer satistaction on

that day. {31

At Merlion Pasta Bar, the time taken to prepare each customer’s order has mean 13.5 minutes and standard
deviation 7 minutes.
(iv) Explain why the time taken to prepare each customer’s order at Merlion Pasta Bar is unlikely to follow

a normal distribution with this mean and standard deviation. 11

(v) For n randomly chosen orders, where # is large, find the least value of » such that with the improved
pasta preparation process at NY Pasta Brava, the mean preparation time of NY Pasta Brava for each

order is faster than that of Merlion Pasta Bar by more than 80% of the time. [4]
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1(i) 2-4 2-0 -2Y (2Y (12 2
n,=| 3-1 [x|3=(~D|= 2 [x|4]|=} 6 =6} -1
2—(-1) 2-2 3 0 -12 2
2 5
osgh2J Y 1022 2 230 30
23l s 3330) 30 3015
_,1 al
2 )M -1
1(iv) 5 3Y( 5
e 2 [=]-1l2 |=11 = Sx+2y-z=II
-1 2 7i-1
2 23 (2
I, :rff-1{=:3[01|=5 = 2x-y+2z=5
2 2)2
Line of intersection between the 2 plancs
2y—z=11
—y+2z=5
When x=0, =z=7y=9
5 2 3 -1
d=| 2 |x|-1|=l-121=-3| 4
-1 2 -9 3
0 —1
r=|9+pul 4 |,uck %
7 3 ‘
1(iii) | Since 3 planes have no points in common, the line of intersection in (i) is

paratlel and away from the plane 4k 2)x+(k+T)y-4kz =8

-1 (4k-2)

4 kF+1 1=0

3 —4k°

4k +8+4k+4-12k* =0
3k -3=0

k=1
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1(iv)

Method 1
When k=1 s

H,:=4x+2y—-4z=8

0% (-4 ‘
9112 -4
7, l-a) |
Distance = ,..'_:}_%:3
,4\ 6
2
_4’!
Method 2
0
4
; 1T, 0
Take any point on the plane '3, for example
/0 0
T
O4=[9|, OB=|4
Let \7 0, )
§ 0 \E (-4
|5 E[F 2
E i
L-7)1-4
{43@1' :egw)\_/“:;g

Then distance =

Method 3

7 - Ay N P
Let £ be the foot of perpendicular of (0,9,7) onto s i—4x+2y—dz=8

0 i
OF =|9|+4k| 2 |forsomek e ®
7 -4
0 -4 —4
Qi+k| 2 2 (=8
7 - -4
Since F lies on H3, 4
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-10+36k =8
_18
36
1
2
0 -4 -2
Jliy 1
OF =19 +5 2 =10
7 | 5
-2 0 | —4
Sodistance =) 10 [—[ 9 }=3 E 2
' . 4
> 7 {or just )
2(i) Let the vofume of water in the tank be V.
ﬂ:n—k\ﬂ
dr
d(4x) ok \I';
dt
ATfn—L\/M
) ELE:() Aﬂzfi—k\fz:O:}k:wfw
When X7/ dr thercfore 4 ‘/E
ch n fx
ekt = 1— =
ST =l Vs
2(i) 2 &t
Using x=hu , differentiating wrt t, d¢ di
A%}:n—k\f;:EhuA%“—‘n~-—}\/;=l\Hmi
du
A = n— = —nf{u 1}
dt
24hdu _ u-1
aodt t
2(iii) 2Ah_(_i_zi o u -1
no dr i

Separating the variables,
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j 4 du:——n— dr
n—1 2.4k

j}+ ! du:—L.HC

u—1 2Ak
u+n(w—1)=— " i+C
2A4h
When ¥ =4k, u=2
le—(zh. =
When 9 3

When x=h u=)

When =0 x=41 v=2 yehave C=2

.X“—”Eh, u:i 4+1n(l}:_i_,+2
When 9 3 . we have ~3/ 2A4h
=%[z+h%)
Therefore, no3

As 1 increases, x decreases and approaches a depth of i
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3(a)

E[2ar+(k—1}af]
Sum of first & terms = 2

First term of last & terms is given by “nen 2% (n—k)d

E[m(n —k)d +a+(n-1d]
Sum of last & terms = 2

, %[Ea +{(n—kyd +(n-1)d]

E[2a +(n=k)d+(n—1)d] Jﬁ[za +{k=1)d]
Difference between the sums = 2 2

kd kd kd
= (=R ===

kd

:ﬂ(n*k+H*1“k+])=——(2??—2]()

2 2

=kd(n—k)

Alternatively:
E[2a+(k -1)d]
Sum of first & terms =~ 2
Sum of the last &k terims is

ek

S-S , = i;[zﬁ (n-1)d] [2a+(n~k-Dd]

H # k ‘
:E[za +{n—- l}d]fE[ZaJr (n—k - l}d]+§[2a+(n —k=1)d]

- %[kd] + %[Za +(n—k—1)d]

Difference between the sums = Sum of the last & terms - Sum of the first & terms

- g[kd]+%[2a+(nfk - ])d]f%[2a+(k~ 1yd]

:g[k(f]+_§[2a+(n—k—1)4—(2a+(k—l)d)]

_n

k , n k ]
gl Sld—k-i-k=1] :E[kd]+5[d(n- 2k)]
= kd [n— k] (shown)

3(b)
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As

H
o
[
1
P

=12 JW—# _E['_?)

1 G 6
He— oc,z; — 0, therefore, > u, = -
’

r=1 ] 3

Alternatively:

1 6
1 —> o0,—— —0, therefore, Yu =—
As 27 rsk 13
3(c) N +nn_z(1—z”)
([) = - -.. Cs - E — :
3((:) z{'l . er} _ Ci!l (} _ Cmtl )
(i) 1-z P—e"
) t !
i a | L e - _
© e [e ¢ ] For “show” question, it is
= T necessary 10 show the
) P working clearly to reach the
answer given to get full
i(’lk;'l‘l, o o . nf Nl T;,-',',’ credits.
e (—lem—--?- )} sin-—¢
~2isin-- sin—
2 2
3(0) ) § em (- E:inﬂ)
Z+z = ———"
(iii) - e?
i inh
i ; o € (1—e
el(} +e|29 +..te ) - ( )
1— e]@
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ng i(.u—]}f}
S.in?e z
cosB +ising +cos20 +isin20 +... +cosnl +isimnd = =

sin —
2

2 2 2

.0
sin—
2

Comparing the imaginary parts,

. (m+ 1@ . nb
Sln [ T — Sln ———
sind +sin2@ +... +sinnd = 2.

.0
sin
2

4 5 4V r;i
() 3 dr dt . (D)

dV
—=10,r=5
Substitute df into (1) gives

105-4 ( 2)§5::>§5: L

dr  dt 10
i

So the radius of the ball is increasing at the rate of 0 cm/s.
A=# ¥ :>ud'—433:r[ rEii
(ii) d? dr . (2)

Z

E.Ii—]() dr 5

Substitute #f di 72 into (1} gives

0 =4 r"’( > ]ﬁ’;r:
72

- 5
Substitute 7 72

dA 5% 10
=g ===
dt 36 )[72 ) .
10

So the surface area of the ball is increasing at the rate of 3 cms.

into (2) gives

Page 7 of 15

www.testpapersfree.com




2021 NYJC JC2 Prelim Exam 9758/2 Solutions

5i) The class sizes of the classes may not be the same. Thus the students will not
have equal chance of being selected.

5(ii) | The teacher must obtain a random sample in which every student has equal
chance of being selected. This will ensure that the sample is not biased.

5(iii) 0
J =5.78=10"

Number of samples = [ 3

6(i) Since 4. B and C are independent, 4. C and 8" are also independent.
Thus

P(ACABY=(0.4)0.7%0.2) = 0.056

6(ii)

=S

0.14 -y

Let ¥=PANCAB)

From the Venn Diagram, we must have
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0.08-y>0 54 0.14—p20 p,.c ¥<0.08

Using P(AUBUC)SI, we have
02—y <1 ppys ¥20.02

Thus least value of » is 0.02 and greatest value of ¥ is 0.08

7(i) Number of ways
9! 1
=312 30239
7(ii) | Number of ways
] ]
ELY °C4><i23600
=3! 21
7(iiH) | Number of ways to form 4 letters
= n{4 diff letters)+n(2 same, 2 diff)+n(3 same, | diff)+ n(2 pairs of same
letters)
. 4! 41 4l
6 Nl Tl ke W Pa b T i :
AN ECCO)G G o
Probability required
a5 AL s 4 4!
C, CZ(EEH C C'(EHE
N 4t 4
) f iy 5 Bl ] s T -
_ C.AaN+"C C:(ZEH G C|(3!)+ 5T
133
=0.425 or 313
8(i) Let X be the number of rejected masks out of 10 masks.

X ~ B30, p)
Let Y be the number of defective masks out of 5 pens.
Y ~ B, p)

P(box is accepted) = 0.923

p(X =0) 4 p(X =) 1p(X =2)yp(¥ =0)

=0.923

NBRMAL FLORT AUTR REAL RROIAM MP

CALC INTERSECT
G REeR
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Using GC,

p=0.043231 =0.0432 (correct to 3 5.f}

Let M be the number of masks sampled

8(ii)
Lm 10 15 &
P(M = m) PXY=0)+PX>2) | PLX=1)+PXY=2)
= 0.650503 | =(.349497 |
Expected number of masks sampled = 10 (0.650503) + 15 (0.349497)
=11.747=11.7
Alternative method
Let 4 be the number of additional masks sampled
a 0 5
P(d = a) P(X=0)+ P(X>2) | P(X=1)+P(X=2)
=1{.650503 = (0.349497
Expected number of masks sampled = 10 + 5 (0.349497)
=11.747=11.7
8(iii} | Let A be the number of rejected boxes out of 60 boxcs.
A~ B{(60,0.077)
Let € be the number of rejected boxes out of 539 boxes.
€ ~ B(59,0.077)
P{the 60" box is the 5" box to be rejected ! at feast 3 boxes of masks are rejected)
L PE=Hx0077 4 630335 -0.0303
P(A=5)
(i) P(C = 1) = 21 P(BRR)+ 31 P(BWRR)

_ 2-n-{n-1 3 2-1-n-(n-1)
(n+3}a+2)n+)  (n+3Un+2Hr=Dlm)
_dnn-=1)+12(n-1) _ )

T DDA (r+2n+l)
P(C =0) = P(RR)+ 2! PIWRR)

_ n-{(n—1} 5 1-n-(n-1}
(r+3)(n+2)  (n+3Kn+2)n+1)
_ on(n=Wn+1+2) a(n-1)

T a2+ (a2 D)
P(C=2)=1-P(C=0)-P(C=1)

3 alp=1) Hn-1)

T T DD (n+2Kn+1)
_n2+3n+2—n2+n—4n+4_ 6

- (n+2)n+1) T (24 D)
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9 [ pey-_Hn-h
(n+2)n+1) {(n+2)n+l)
_ 4(n+5)
(241

Var(C) = E(C?) - [E(C)’

_ #n+5) 4 7
_(?1+2){n+_!)~[n+l}
_ M+ D)(a+35)-16(n+2)
- (n+2)n+1y

_ 4’ +8n—12 _ 4(n+3)n-1)
(n+2)n+ 1 (n+ Dn+1)

i) | P(|c, -C,|>0)=1-P(iC, - C,|=0)
=1-P(C, =C,)
=1-[P(C=0] +[PC=D] +[PIC=D]
_ =1y B Eé(nfl): B 36
(m+2Y(m+1Y  (n+2Y (n+tY (n+2Y(n+1y
Using GC,
e P(lc, - C,|>0)
33 0.20093
34 0.19603

Thus least 7 =34

10(i) | Unbiased estimates for population mean and population variance,

FEELLEN Y
75

1] sz(zx)k

_ b
n 74

S2=

40278912 | L7200
75

4]

100i1) Given H denote mean blood glucose level,

Hy:u=60

H,:p>60

Totest : at 5% level of significance
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Under H”, since sample size of 75 is large, using Central Limit

- 29
X -~ N[6,—7——]
Theorem, 75 approximately, and test statistic,
7= ——X—hﬁ— ~N(0,1)
7.29/
S5

Critical Region: Reject H, if p-value < 0.05
Calculations : Using GC, 2y = 2:630 and p-value = 0.00427

Conclusion: Since p-value < 0.05, we reject HU. There is sufficient
evidence, at 5% level of significance, that Natalie’s average blood

glucose level is higher than 6.0.

10Giii | Readings at weekend may be biased by different life style. so results may not
) be valid.
10(iv) H,:u=00

Totest Hi #< 6.0 20 10% level of significance

Under H“, since 7 = 75 is large by Central Limit Theorem,
1Y76

? Z= ~ N(0,1)
X~ N(ﬁ,i (
73, approximately. and test statistic,
Reject Hy ip 2w < ~1.55477
Calculations :
__a0 _ _56-6
X=—"=23 “al T
75 and using sINT5
u Z, = 5'6;£ <-1.55477 = 5 £4.96
Since = 0is rejected, 5INTS

Required range is 50 <496
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10(v)

Since sample sizes are large enough, Natalie may use Central Limit Theorem to
approximate the distribution of the sample mean to be normal. Therefore, no need tp
know anything about the population distribution of the glucose blood levels.

11¢i)

. u=
Using symimetry, 2

Let C denote the preparation time of a randomly chosen order for NY Past‘a
Brava.

C~N(,u,(r )
_13+18

=155 -

153 0.495

P(14.5<C<16.5)=10.495

1 -0.495
2

i~

5 P(C <14.5) = = 0.2525

145155
= P(Z <~~w-~]—-—) 0.2525
c

tsing InvNorm Left,

L 0.6666433049
(e}

— 6 =1.5001 (5 s.£)=1.50 (3 5.[)

Alternatively,

P(14.5< C <16.5)=0.495

DP(M.SWIS.S <7< 16’5715'5):0.495
o o

Using InvNorm Center,

1 =—0.6606433049 & 1 = -0.6666433049

g o

5 =1.5001 (5 5.£)=1.50 (3 5.£2)

11ii)

et
o)
un
LAy
o]
i)
=]
Ly
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11Gii

Let D denote the delivery time of a randomly chosen order for NY Pasta Brava.
D~N{24,6")
7o 0.85(C, +C, +.. 4 C )+ (D, + Dy + ..+ Dy )

Let 85

£(7)- 0.85[85E(C£+[85E{DH ~37.175

_. 0.85°[85Var(C)|+[ 85var{D
Var(j?"): [3 (Sg L . )J

T~ N(B?.HS,(\/OA%E_S_)Z)

P(T < 38)=0.89251 (5 5.£)=0.893 (35.1)

=0.44625 (5 s.f)

11(iv)

Let M denote the preparation time of a randomly chosen order for Merlion
Pasta Bar.

M~ 5,7 y - : : _— .
If ! N(B ! ) P(M <0)=0.0269 3 5.£) \hich is not possible
OR

PU3.5-3(7) <M <13.5+3(7)) = 0.997

but 13:3-3(7)=-75<0 which is not possible
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11{v)

085(C, +C, +..+C,) — MM, +.+M,

€= 7
Let n & "
E(E):Mﬂ}ns

n
var(C)= 085°[Var(C)] 1625625

n i

E~N(13.175,{ {%)
n

E(#)=E(m)=13.5
—\ Var(M) 7

Var(M) T—— = —n—

Since # is large, by CLT,

{7
n
E(Euﬂ)zwﬂj?j

M~ N(IB.S | _) }
approximately

Var(E—H) = 0.625625

B .
.'.C-M~N{~O.325,[ 50.625625

o]

] ] approximately
P(C<M)=P(C-M<0)>08
2
T NS
30.625625
1)

P(Z < 0.045677062:/n) > 0.8

0.045677062n > 0.8416212335

1> 3394978624
. Least » is 340,

P(Z <
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