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Mathematical Formulae

1. ALGEBRA

Quaidratic Equation
For the quadratic equation ax® +bx+c¢=0,

_ —bx+b’ —4ac

2a
Binomial Expansion
7 n n n-1 n n-232 hn n—rir n
(@+bf =a+| ja"'b+| @b+ 4| ja"TH +.+D,
1 pA r
! - -
where n is a positive integer and g —_ _n D-n r+l).
r rl(n—-r)! r!

2. TRIGONOMETRY

Identities
sin’ A+cos” 4=1
sec’A =1+tan’ 4
cosec’d =1+cot’ 4
sin{A + B) = sin Acos B+ cos 4sin B
cos(4 + B) = cos Acos B Fsin 4sin B

tan A+ tan B

tan{A+ B)=————
( ) 1Ftan Atan B

sin2A4=2sin Acos 4

cos2 A = cos® A—sin® A=2cos® A—1=1-2sin’ 4

Formulae for AABC
a b c

sin A ” sinB N sinC

a2=b*+c%-2bccos A
A= YpesinA
2
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1 1] Express y =4x" +24x +49 in the form a(x+5b)’ +c¢. [2]

(i)  Hence, state the maximum value of 1 and the corresponding value of x at
y

which —I— 1S maximum. [2]
y
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By using a suitable substitution, solve the equation €** = 4(1- e ). 3]
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3 Show that the equation x* + px+2p = 2x+8 has real roots for all real values of p.
[3]
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4 A and B are acute angles such that sin(4— B) =~3I and sin Acos B =% .

Without using a calculator, find the value of

(i) cos Asin B, 2]
(ii) sin(A4+ B), [1]
(ili) 2tanAdcotB. 2]
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2x4l

3,Where x = =3,

5 A curve has the equation y = "
X

® Find an expression for % [2]

2r+l

+3
decreasing or increasing for which x > 0. [2]

(ii)  Hence, stating your reasons clearly, determine if the graph of y= is

Methodist Girls’ School Additional Mathernatics Paper 1 Sec 4 Preliminary Examination 2024
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6 Find the values of k for which the curve y = 2x* +(3k +1)x +4 lies entirely above the

line y=2x-3k"+5. [5]
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7 A curve is such that £" (x)=6x-10. The tangent to the curve y=f(x) at the point
(1,-2) passes through the point (0, 13). Find the equation of the curve. _ [6]
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8 (8)  Given that log, p=9 and log, g =6, find the value of log, X’ [3]

q

(b)  Solve the equation lg(3x+1)+1g(2x-1)=2~ lg2 and explain why there is
only one solution. [5]
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9 Two cubic expressions are defined by f(x) =x’ +(a—3)x+2b and
g(x)}=3x* + x* +5ax+ 4b where a and b are constants.

(i) Given that f(x} and g(x) have a common factor (x + 3), show that g =4 and
find the value of b. [3]

(i)  Using the values of ¢ and b, factorise f(x) compietely. Hence, show that f (x)
and g(x) have two common factors. [4]
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10 It is given that y = 4xsin2x.

{1 Show that % can be expressed in the form axcos2x+bsin2x, where a and

b are constants. [2]

(i)  Given that x is increasing at % radians per second, find the rate of change of y

with respect to time when x = % . [2]

BP-314
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b3

(iii)  Using your answer in part (i), evaluate J.: xcos2x dx, leaving your answer in

terms of 7. [4]

(iv)  Explain what your answer in part (iii) implies about the curve y = xcos2x.

[1]
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11 The table shows experimental values of two variables, x and y.

X 2 4 6 3
¥ 2.25 0.81 0.47 0.33

@) On the graph paper, plot xy against ! and draw a straight line graph. [3]
x

Using your graph,

(i)  estimate the values of x and y for which x = 3 , 2]
y

(iii) express y in terms of x. [4]
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12 A particle travels in a straight line, so that ¢ seconds after passing a fixed point O, its
velocity, v m/s, is given by v=22+7t- 2¢*. The particle comes to instantancous rest

at P. Find

{1 the velocity of the particle when the acceleration 1s zero, [2]
(i) the value of t when the particle is at P, ' [2]
(iii) the distance OP, [21
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(iv)  the total distance travelled by the particle in the interval 1= 0 to £=9. [2]
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13 In the diagram, AB and CD are chords of a circle, with 4B =9 cm and CD =25 cm.
Tt is given that AD and BC intersect each other at 90° at ' and Z/BCD =@, where 8

varies.

i) Prove that AD =9cos@+25sin8. 2]

(i)  Express AD in the form Rcos(é-), where R > 0 and 0° < o0 < 90°. [3]

BP-~320
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(if)  Find the values of & when AD =26 cm. (3]
(iv)  Calculate the angle & for which AD is the diameter of the circle. 2]
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14 The diagram shows parts of the graphs of 3y =7x+6 and x+5y=12. Tis a point on
3y=T7x+6 and Uis apointon x+35y =12. ¥ and W are two poinis on the x-axis such

that TUVW is a rectangle.

y

F

3y=Tx+6
\
T U
/ h x+5y=12
O 1174 V "X

It is given that 7W = h units.
(i) Find the x-coordinates of T and U in terms of /. [2]

(i)  Hence, show that the area of the rectangle TUVW, represented by 4 square

units, is given by A= %Qh —%hz. [2]

BP-322
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(iii)  Given that / can vary, find the stationary value of 4 and determine whether this
value of 4 is a maximum or a minimum. [5]

End of Paper
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PAPER 1

SOLUTIONS
1 () Express y =4x” +24x+49 in the form a(x+5)* +¢. (2]

4x% +24x+49
=4(x” +6x)+49
=4[(x+3)* -9]+49
=4(x+3)* +13

(ii}  Hence, state the maximum value of —I- and the corresponding value of x at

y
T .
which — is maximum. [2]
¥
. 1
Maximum —=—
y 13
It occurs when x = -3
Methodist Girls” School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 2024
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2 By using a suitable substifution, solve the equation e =4(1-e™). (3]

e =4(1—-e™)
4

e?.x

y=4—i

elx =4__
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3 Show that the equation x* + px+2p = 2x+8 has real roots for all values of p- 3]

X+ px+2p=2x+8
X+ (p-Dx+2p-8=0
Discriminant

=(p-2)’ -4(1)(2p-8)
=p -4p+4-8p+32
=p*-12p+36
=(p-6)°

For all values of p, (p—6)* >0, hence roots of the equation x*+ PX+2p=2x+8 is
always real.
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4 A and B are acute angles such that sin(4—-B)= ;11- and sin Acos B = % .

Without using a calculator, find the value of

(i) cosAsin B,

(ii) sin(4+B),

[2]

1
si{A—B)=—
( )4

sin Acos B—cos Asin B = %
;’——cos Asin B =—1—
5 4

cosAsm B = l
20

[1]

sin(4 + B} =sin Acos B+cos Asin B

) 3 7 19
Sm(A+B)='§+—2'6=-2'6

(i) 2tan Acot B 2]

2tan AcotB
sinAxcosB

=2x -
cosd smB
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2x+1

5 A curve has the equation y =
_ x+3

, where x = —3.

() Find an expression for % . (2]

2x+]

e

T x+3
dy (x+ 3) (Zez’”' ) —e¥rt
dx (x+3)?
_ e (2x+5)
T (x+3)

2x+t

18
3

(i) Hence, stating your reasons clearly, determine if the graph of y=
X

decreasing or increasing for which x > 0. [2]

Forx >0,
(x+3¥>0,

e2x+l >0,
(2x+5)>0

Thus % > 0 and y is an increasing function.
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6 Find the values of & for which the curve y =2x* +(3k +1)x+4 lies entirely above the
line y =2x-3k*+5. [5]

25 + Bk +Dx+4>2x-3k*+5
2x% +3kx+x+4-2x+3k* =5>0
2x* +(3k-Dx+3k*-1>0

b —4dac<0

(k-1 423K -1) <0

9k —6k+1-24%* +8<0

~15k* -6k +9<0
Sk*+2k-3>0

(5k—-3)(k+1) >0

k>E or k<-1
5
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7 A curve is such that £'(x)=6x-10. The tangent to the curve y=f(x) at the point

(1,-2) passes through the point (0, 13). Find the equation of the curve. [6]
f(x)=6x-10
)= IGx—lO dx
=3x"-10x+c¢
gradient of tangent = _3:33 =-15

atx=1, f'(x)==15
~15=3(1)-10() +¢
—8=c
F(x)=3x>-10x—8
f(x)=j3x2—10x—8 dx

=x"—5x*—8x+d

at (1, -2),
2=1-5(1)~8+d
10=d

y=x —5x* —8x+10
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8 (a) Given that log_ p=9 and log, ¢ =6, find the value of log, x* [3]

7

log, x
q
_log, x°
tog, 2
q

B 2

" log, p-log, g
2

96

Wik O

(b) Solve the equation 1g(3x+1)+1g(2x—-1)=2-1g2 and explain why there 1s
only one solution. [5]

lg(3x+1)+1g2x-1)=2-1g2

lgBx+D(2x-1)=1g !%Q

Gx+1)2x—1) =50
6x% —3x+2x—-1-50=0

6x* —x-51=0
(6x+17)(x-3)=0
17

x=——or 3
6

3x+1>0 and 2x-1>0

1
X>-= xX>=
2

Since x> -12— ,x =3 is the only solution.
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9 Twao cubic expressions are defined by f(x) =x* +(a—3)x+2b and
g(x)=3x* + x* + 5ax + 4b where a and b are constants.

@) Given that f(x) and g(x) have a common factor (x + 3), show that a=—4 and
find the value of 5. [3]

(—3)3 +{@a-3)H(-H+2b=0
~27-3a+9+2b=0

3(-3) +(-3)* +5a(-3)+4b=0
—B81+9-15a+4b=0
~15a+4b=T72 —eeeee (2)

(1)x2, —6a+4b=36 ——n—mm- 3
(2)-3), —%a=36

a=—4

b=3

(i)  Using the values of @ and b, factorise f(x) completely. Hence, show that f(x)
and g(x) have two common factors. [4]

f(X)=x~Tx+6

X —Tx+6=(x+3)(x* + px+2)

compare coeff of x*, 0= p+3

p=-3

¥ —Tx+6=(x+3)x*-3x+2)
=(x+3)(x-1){x—2)

() =3(1) +1* + 5(-4)(1) + 4(3) = —4

(x—1) is not a factor of g(x)

g(2)=3(2Y +2% +5(-4)(2) +4(3) =0

(x—2) is a factor of g(x)

Thus, /(x) and g(x) have 2 common factors (x+3) and (x—2)
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10 It is given that y =4xsin2x.

(D) Show that % can be expressed in the form axcos2x+bsin2x, where a and b
2]

are constants.

y=4xsin2x

% =4x(cos2x)(2) +4sin2x

E-’i =8xcos2x+4sin2x
dx

(i)  Given that x is increasing at % radians per second, find the rate of change of y
with respect to time when x = 12{ . {2}

& _d& d&
dt dx dt
=(8x(£]cos:r+4sinzz)x~2—
2 5

= —8?” radians/sec
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T

(i)  Using your answer in part (i), evaluate J.fx cos2x dx, leaving your answer in

4
terms of . (4]

L ERNIEY

focos 2x dx+If4sin2x dx = [4xsin2x]
r

2y

7
.Excosbc dx+l[—c052x}2 =[lxsin2xJ
: 2ok

fxcos 2x dx= [%xsin2x+i-cos 2xj|

= =

'% T . 1 T . n 1 Fia
xc0s2x dx =(—sinz +—cos 7)) ~(=sin — + —cos —

Jz (4 4 ) (8 2 4 2)

»
AL

xcos2x dx=~—l——y£
z 4 8

(iv)  Explain what your answer in part (iii) implies about the curve y =xcos2x.

[1]

It is the area enclosed by the curve y=xcos2x below the x-axis

between x=£ andx:—ﬂ; ;
q 2
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11 The table shows experimental values of two variables, x and y.

X 2 4 6 B
y 225 0.81 0.47 0.33

(i)  On the graph paper, plot xy against 1 and draw a straight line graph. [3]
X
0.5 0.25 0.17 0.125

1
x

xy 4.5 3.24 2.82 2.64

Table of values
Plot xy against 1
P

Line cuts vertical axis

Using your graph,

(i) estimate the value of x and y for which x = 3 , 121
y
Draw horizontal line xy =3

xfrom4.8to 52
y from 0.5 to 0.7

(i)  expressy in terms of x. [4]

Finding gradient

Gradient from 4.8 to 5.2
Vertical intercept from 1.9 to 2.1
Use Y=mX+c

5 2
y=—+— (0¢)
X X
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12 A particle travels in a straight line, so that ¢ seconds after passing a fixed point O, its
velocity, v m/s, is given by v=22+7f ~2¢". The particle comes to instantaneous rest at

P. Find

(D the velocity of the particle when the acceleration is zero, 2]

a=T-4t

atg=0,1=

(ii) the value of f when the particle is at P,

atv=0, 2+7t-2=0
11-20(2+6)=0
t=55or t=-2(NA)

(iii)  the distance OP,

=j22+7t—2t2 dt

5= 22t+z1f2—gt3 iy
2 3

atr=0,5s=0,
c=0

§= 22t+—7—t2—%t3
2 3

at1=55, s= 22(5.5)+%(5.5)2

Alt Mtd :

5.5
s=| (Q2+7t-2r)dt
0

5.5
:[22”1;2—3:3} _1158
2 3 ] 24

7
4
v=22+7U 2() 28 mis

—%(5.5)3=115—m

(2]

(2]

23
24
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(iv)  the total distance travelled by the particle in the interval t = 0to =9, [2]

atr=0,5=0

23
tt=55,s=115—
2 24

9
at =9, 8= -—
2

T, =1155x2+2 = 2363 m
TN
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13 In the diagram, AB and CD are chords of a circle, with AB =9 cm and CD =25 cm.
It is given that 4D and BC intersect each other each at 90° at F and ZBCD =8, where

& varies.

] Prove that 4D =%cos@+25sin8. 2]

/BCD = /DAB = 6 (angle in the same segment)
AD = AF +FD
AD =9cos8+25sin8

(ii)  Express AD in the form Rcos(¢—a), where R > 0 and 0° < & < 90°. [3]

R =+9? +25% =706

25
tang = —
9

a=702011...

AD =706 cos(# —70.2°)
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(tii)  Find the values of & when 4D = 26 cm. (3]

706 cos(8—70.2011°) = 26
cos(6—70.2011°) = 0.9785229...
6-70.2011° =~11.896...,11.896...
6=583°, 82.1°

(iv)  Calculate the angle & for which 4D is the diameter of the circle. [2]

AD is the longest. So cos(8—70.2011°) = cos 0°
8=702°
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14 The diagram shows parts of the graphs of 3y=Tx+6 and x+5y=12.Tis a point on
3y=T7x+6 and Uisapointon x+5y = 12 . ¥ and W are two points on the x-axis such

that TUVW is a rectangle.
y
F 3
3y=Tx+6
\
T U
/ X
0 W 14
It is given that TW = A unis.
1] Find the x-coordinates of 7 and U in terms of A. [2]
3h="Tx,+6 X, +5h=12
3h-6_ x. x, =12-5h

7 T

(i)  Hence, show that the area of the rectangle TUVW, represented by 4 square

units, is given by 4= -970 h—— h2 [2]

VW=x,—x =12— Sh-—ih_;’—q
84—-35h-(3h—6) 90-38h
7 7

9038k h_ggh 378 .

VW =

A=
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Given that 4 can vary, find the stationary value of 4 and determine whether this

value of 4 is a maximum or a minimum.

Thus area is a maximum,

[5]

A= 970(1.18421)-~37—8(1.18421)2 =7.61278...

A=761
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