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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax2+bx+c¢=0,

-bt~b —4dac

2a

X =

Binomial expansion

(a+b)" =am +(7)a* b+ (3)a"2b + -+ () a> b + -

| - -
where 7 1s a positive integer and nlo_m _n=D.(rortl)
r) (n—r)r! r!

2. TRIGONOMETRY
Identities
sin*4 + cos?4 =1
sec’4 =1 + tan? 4
cosec?4 =1 + cot’4
sin(A + B) = sinAcos B + cos Asin B
cos(A+ B) =cosAcosB FsinAsinB

ta (A+B)*- tanA +tan B
MAxE) = T GnAtanB

sin2A4 = 2sinAcosA
cos 2A = cos?A — sin?A = 2cos?A -1 =1 - 2sinA

1-tan” 4
Formuliae for A ABC

a b ¢
sind sinB sinC

a?l = b2+ 2 - 2bccos A

=1 i
A zbcsmA

+b",
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Given that f(x) =325 - 11x® + 30x2 4+ 39 = (x - D(x + 3)Q(x) + ax + b for all
values of x and that @ (x) is a polynomial, find

(a) the values of a and of b. £5]

(b) the remainder when f(x) — 3 is divided by x? + 2x — 3. [2]
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(a) Water is poured into a jar at a rate of 35 cm?/s. The volume of water in the jar is
2

V cm?®, where V = 3 (h: + %’;—) and h is the height of water in the jar. Find the rate at

which the height of the water is increasing when h = 4 cm. [3]

R . 2-5x . . .
(b) (i) Find the set of values of x for which y = —ex—x is a decreasing function of x. [3]

(i} Find the gradient of the curve y = z;_:x at the point where it cuts the x- axis. [2]
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1-3x—3x2 . . . [5]
3 (a) Express Sorpr B partial fractions.
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6
(b) Hence, find [ %%;—C;dx. [4]
y &
€48
B(0, k)
Lx
0 D (k,0)
A

The diagram shows a kite ABCD in which AB = AD and BC = €D, Point A and B lie on

the y-axis and D lies on the x-axis. The coordinates of € is (4,8}, B is (0, h) and D 1s
(k, 0}, where h and k are positive constants.

(a) Show that h? — k? = 16k — 8k. 2]
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(b) It is now given that h = 1. 4
(i) Find the coordinates of A. [4]

(ii) Find the area of the kite. [21




i
A 7Cm B Scm C
8 ><P
7¢
8 cm
F
E

D

Tn the diagram, angle ABF = 8, angle FBD = 90°, ABC is a straight line and BE 1s
perpendicular to AC. AB = BF = 7cm, BC =BD = 8cmand BE = 5.6 cm.

(8) Show that the area @ cm? of the quadrilateral ACDF is given by
¢ =51.6c058 +46.9sin8. [3]

(b) Express Q = 51.6cos@ +46.9sin8 in the form Rcos(d —a), where R is a
positive constant and « is acute. (2]

(c) State the maximum value of @ and find the corresponding value of 6. [2]

. [1]

Q243

(d) State the maximum value of
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An insect leaves its nest and flies along in a straight path. The velocity, v m/s, that it flies
In time, ¢ s, after it leaves the nest is given by v = 4e™* — -:—eZt.

(a) Find the acceleration when £ = 0.5. [2]

(b) Find the value of t when the acceleration is maximum. 3]

(¢) Show that the insect is instantaneously at rest when t = In k where % is an integer.

(3]




7

10

(d) Find the total distance travelled by the insect between t = 0 and £ = 3.

cotA—tan A
cotA+tan A

(a) Prove the identity = 2cos?A - 1.

[4]

(4]
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(b) Hence, solve 4724 _ o5 A for—m < A < . [4]
cotA+tan A
8 Acurveisgivenby y = tanx.
. dy 1
(a) Find o [1]

(b} Hence, find the equation of the tangent to the curve y = tan x at the point where
x= §= leaving your answer in terms of 7. [3]
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[2]

. rj_zy _ E
(c) Find the value of = when x = —.

2
(d) A student concludes from part (¢} that since the value of ZTZ >0atx = -E, hence there
is a minimum point at x = g. State with reason and mathematical working whether

the above conclusion is correct. [2]

4
3(3x% — 16x + 16) dx + f4_4(3x2 — 16x + 16) dx. Hence, state what could be

Evaluate [

3
deduced about the graph y = 3x2 — 16x + 16 between x = 0 and x = 4? [4]
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10 The diagram shows part of the curve y = i-. The curve y = % cuts the line y = e at A
and the line x = 2e at B.

A 4

I (ATt AR S FUUOT

(a) Find the coordinates of A and of B. [2]

(b} Find the area bounded by the curve y = ;—t, y = e,x = 2e, the y-axis and the x-
axis, leaving your answer in the form a + In b, where a and b are integers. [4]
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(c) Explain why the area of the shaded region is between 4 units” and 2e? units®.  [2]

The table below shows experimental values of two variables x and y.

x 1 2 3 4 5 6
14.1 26.0 40.0 55.9 73.5 92.6

y

It is known that x and y are related by an equation of the form y = A(1 + x)", where A
and n are constants.

(a) Plotlgy against 1g(1 + x)and draw a straight line graph on the grid given in the next
page. (3]

(b) Use your graph to estimate the values of A and of n. [3]

(¢) On the same diagram, draw a straight line representing the equation y = 1—-16;_ [2]

(d) Hence, find the value of x for which A(1 + x)™** = 16. (2]
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2024 4E5N Prelim P1 Solutions

No. | Solution
Ua) | FO)=3x"-11x3+30x2 +39=(x - D(x +3)DQ(x) +ax+ b
Whenx =1, 6l=a+b ——-egn{l)
Whenx =-3, —123=-3a+b --—- eqgn {2)
(1) -(2) 184 = 4a
a=46
h =15
Ub) | f(x) =(x~1)}(x+3)Q(x) +46x + 15
flO)=3=0~-Dx+3)Q(x) +46x+15-3
Remainder = 46x + 15— 3
= 46x + 12
2@) |y_3(" Lo
V=3 (4 + h3)
W3, _Iin
dh 2 nt v .
T
When h = 4‘, d_h = ?g;_-%z
=T (or 5.1164)
32
dr _dn, av
1A } Wy &
w =
oz CTM/S (or 6.84cm/s)
2{bi} = z‘jx
dy _ :x(—s)—(z—Sx)ex
dx (ex)2
__ 5x~7
=—
For decreasing function, _s_x_;z <0
[
X <-E {or 1.4)
2(bii} | Wheny =0, 2-5x=0
x=04
dy _ _
== 335(3s.f)
3a) |13x-3x2_4 B [
z(x+1)2 x| x+1 | (x+1)2
1-3x—3x2=A(x+ 1)? + Bx(x + 1) + Cx
Whenx = —1, C=-1
Whenx =0, A=1
Whenx =1, B=-4
1-3x—3x* 1 4 1
x(x+1)2 x  x+1 (x+1)2
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3(b) J- 1-3x-3x2 f 1-3x-3x2
2x(x+1)2 x(:\:+1)2
lpi_ & __1
J- x+1  (x+1)2 dx
= —lnx —Zln(x +1)+ e +1) +c
[AcceptInvx —In{x + 1)2 + + 30 +1) +c]
aa) |42+ (h—8)* = (k—4)* +82
16 + h?* ~ 16h + 64 = k* — 8k + 16 + 64
% — 16k = k% —
h? — k% = 16h — Bk (shown)
a(bi) | Whenh=1, 1—k?=16-8k
k:-8k+15=0
k-5)k=-3)=0
k=5 ork =3 (rejected based on diagram)
Let A(C,y)
(1-p)°=52+y*
1-2y+y?=25+y?
y= =12
= A(0,—12)
i _110 5 4 0
A{bi) | Area = z -12 0 8 1 -12 |
= 2|44 — (~60)|
= 52 units?
5(3) | Area=3(7)(7)sin8 +2(7)(5.6) sin(90 — )
+5(5.6)(8)sin® +2(8)(8) sin(90 - 8)
= ?sine +?cos€ +¥sin9 +32cos#
= 51.6cos @ + 46.9sin 8 (shown)
5(b) | @ =51.6cos# + 46.9sin8 = Rcos(? — a)
R = v51.6% + 46,92
= 69.729
_ 469
tanae =2
a =42.268
~ 51.6cosf + 46.9sinf = 69.7 cos(f — 42.3°)
5(c) | Maxvalue of Q = 69.7
cos(@ —42.268°) =1
g = 42.268
Corresponding value= 42.3°
5(d =1
{d} | maximum value of —— Q2+3 =—
1
3
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6(3) U= 4e—t ._leu'
2
a=-—de”t — g2t
Whent = 0.5, = -5.14 m/s2
6(b) |92 _ 4.t _ 9,2t
(b) — = 4:- 2e
Whend—': =0, 4e~t = 2%
et =2
Z r=§m2
da _ 4ot _ a2t
= 4e e
Whent =212, £2< 0 (max)
ent=2In2, —— (max
6{c) | Whenv =0,
4ot = %ezt
¥ =8
t=1Ing
1
=1In8:
= In 2 (shown)
6(d) | 5= —get —ie” +c
Whent =0,5s=0,~¢ =14—7
= —4pt_t, 2t 17
5= —4e i + 2
Whent =0,5=0
Whent =1In2,s =125
Whent = 3,5 = —96.806
Total distance travelled = 1.25 + (96.806 + 1.25)
= 993m
7a) |CotActand _ . 0524 —1 Alternative
cotA+tan A cotA—tanA
_ cotA—tanA LHS = ———
LHY = ————— cotA+tan A
cotA+tan A 1
cosd _ sind —tan4 —tan4
= _s:’_léj ﬁ T gttana
sinAd " cosAd
1-tan?A
__ costA—sin?A = Triania
~ cos?A+sin?A
_ 1-tan®4
= cos?A — sin?4 “seciA
= cos’A+ cos?4 -1 = cos?A ~ sinA
= 2cos*A — 1 = 2cos%4 —1
= RHS = RHS
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cotA-tan 4

7(b) = cosA —t<A<n
cotA+tan A
2c0s2A—1=rcosA
(ZcosA+ 1)(cosA—-1)=0
1
cosAz—E or cosd=1
ref angle = g or ref angle =0
A= z—ﬂ,ﬁ or A=0
Sem > 2n
=5 0%
8(a) | y=tanx
% = sec’x
8(b) = =3 dy_¢
Whenx =2, y=<, —-=3
y=mx+¢
3 _ 4w
3 5(6) +
c=V3_zm
3 9
_4 Y3
y=3* + 3 9
4 3v3-2m
Accept (y =3X +—9—) or (9y =12x +3V3 - 21r)
2
8(c) % = —2cos 3x(—sinx)
_ 2sinx
= cos3x
T dy_
Aty =-,-5= 1.5396
=154 (3s.f)
Bld) | & = ger2x
dx dy 1
WhenE = 0, — = o
since sec?x = 0 is not defined, . the above conclusion is wrong.
9

L3
J3(3x2 — 16x + 16) dx + ' (3x% — 16x + 16) dx
3

4
= [x® —8x%+16x] + [x* - 8x2 + 16x] 4
3

=§E+(0__.2.§§)

The area above the x-axis, bounded fromx = 0 to x = 1;- is the

same as the area below the x-axis, bounded from x = % 1ox =4
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10(a)

Wheny =e, e =

At

Whenx= 2e, y = £

2e
y=2
)

X =

@ taRie

10(b)

Area = ffzei dx + e) (e)
= 4[Inx]i® + 4

e
=4[1n2.e—1n§]+4
=4[In2+Ilne—In4 +Ine]+4
=4[InZ —In4] +12
=4[-In2] + 12
=12-Inlé6

10{c) | Area of rect from from y-axisto A= e X 1:-
= 4 units*
Area of wholerect=2e X e
= 2e? units?
+ 4 < grea of shaded region < 2e? {explained)
11{a) | Refer to graph.
y=A(1l+x)"
lgy =IgA +nlg(l+x)
lg(1+x} | 0.301 ] 0.477 [ 0.602 ] 0.699 [ 0.778 | 0.845
lgy 115 ) 141 | 160 | 1.75 | 1.87 | 1.97
Correct points plotted
Straight line
Plot table
11{b) | From the graph,
Igd =07 [Accept 0.68 < lgA < 0.72]
A=1501
n = grad = 1.51 [Accept 1.49 < n < 1.51]
11 - 16
(c) Y= 1=
ley =1g16 - lg(t + x)
Drawthe linelgy = lg16 — lg(1 + x)
11{d) | Al +x)"1 =16

16

A(l+x)" = Tix
~lglx+ 1) =102
x = 0.585
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